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Abstract: The most difficult task dealing with permutation is when the element is large. In this paper, a new algorithm 

for generating permutation based on fixing two elements. The basic idea for this method is to find original and 

sequent starter set from fixing one element from the first and one element from the last elements to begin with as an 

opening set to generate all different permutations, in circular operations is presented. Beginning the original starter 

sets are obtained by fixing two elements, and then fixing another element from last to find sequent starter sets, the 

circular operation and reverse are in use to produce different permutation from each sequent starter sets. The new 

algorithm has advantages over the other methods due to its simplicity and easy to use. 
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 Introduction 

 
A permutation of elements is an arrangement of those elements in some order, that is, some element is located in the first 
location, another in the second location, and so on, until the last element have been last located. Since the generation of all n! 
permutations of n elements are a fundamental problem in combinatorics and important in computing. Therefore most of the 
existing algorithms essence on listing all n! permutations. So various methods on listing all permutations have been published 
by Sedgeweck (1977) and can be classified into two categories: (i) exchange based techniques; (ii) non-exchange based 
techniques (Sedgeweck, 1977). So generating permutation under cycling restriction is simpler and more powerful compared to 
others above- mentioned techniques. Therefore Langdon (1967) and Iyer (1995) proposed a cycling technique for permutation 
generation based on ‘pivot’ permutation. Akl (1980) found a new algorithm for generating permutation (Akl, 1980). So 
Bauslaugh and Ruskey published algorithm for generating alternating permutations lexicographical (Bauslaugh & Ruskey, 
1990). And Pruess and Ruskey published algorithm for generated permutations for linear extension of posets (Pruess & 
Ruskey, 1994). Kunth summarized nicely the computational and mathematical properties of permutations with a given number 
of inversions (Knuth, 1998). Dominique (1999) presented a new algorithm for generating of permutations for listing all 
permutations of the integers 1, 2,… , n.  Also Effler and Ruskey (2003) published algorithm for generated permutations with a 
given number of inversions. Andrew King (2006) presented algorithm for generating of permutations in decomposable 
permutations. Khanit (2007) found a method to generate permutation and he used it to find determinant of any matrix. 
Meanwhile Ibrahim, et. (2010) and Ibrahim, & Zake (2013) introduced a new permutation technique based on distinct starter 
sets by employing circular and reversing operations. However their crucial task is to generate the distinct starter sets only. 
Although this technique is simple and easy to use, unfortunately, finding the starter sets is quite tedious when the number of 
elements increases. Thus this paper aims to provide a method to list n! permutations based on original starter set with fixing 
two elements.  This paper attempts to overcome this drawback by introducing a new strategy for generating distinct original 
starter sets with fixing two elements one from the first and one from the last elements. The advantage of this proposed 
algorithm is to produce some sets to begin with and these sets finally generate all the n! permutations. To our present 
knowledge no study has been done using this kind of algorithm. 

 

Preliminary Definition  

 
Definition 1: A starter set is a set that is used as a basis to enumerate other permutations.  

Definition 2: A original starter sets are a sets which result by fixing two elements and used as to create other permutations.  

Definition 3: An equivalence original starter sets are sets that can produce by taking inverse the same elements permutation 
after fixing two elements first and last.  

Definition 4:  A Sequent starter sets are a sets which result from original starter sets by fixing two elements also but the same 
first element and used as to create other permutations.   

Definition 5: A reversed (inverse) set is a set that is produced by reversing the order of permutation set. 
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Implementation of Perfect Permutation Algorithm 

 

Before The general algorithm for generating permutation as follows, let S be the set of n elements i.e. (1, 2, 3, …, n-3, n-2, n-

1, n), Set (1, 2, 3, 4, …, n-3, n-2, n-1, n) as initial permutation and without loss of generality. 

Step1/ Find original starter sets permutation by fixing two elements, fixing the first and the last elements of the initial 

permutation to generated original starter sets, then move and exchange remaining elements without repeating, then delete the 

permutations that produce the inverse (reverse) switched elements. See in the following  

       (1  2  3… n-2  n-1  n)    (1  n-1  n-2 … 3  2  n) 

(1  2  3… n-1  n-2  n)   (1  n-2  n-1 … 3  2  n)  

       (1  2  3… n-1  n-3  n)    (1  n-3  n-1 … 3  2  n)           

     ⁞ 

 (1  n-1  n-2… 3  2  n)    (1  2  3 … n-2  n-1  n) 

 

So we choose only one group of permutations and delete equivalents inverse group of permutations these group of 

permutation called original starter sets. 

Step2/ Find sequent starter sets of permutation by fixing two elements of all  permutation resulted in the step 1 and also 

fixing the same first element and another the last element and then make exchange to the remaining elements after fixing and 

then delete permutations equivalent (inverse permutation without machineries fixing). 

This step is similar to the first step by fixing two elements but on original starter sets which is resulted in step 1 as follows:-  

      (1   2   3… n-2   n-1   n)     (1  n-1  n-2 … 3   2   n) 

(1   2   3… n-2   n   n-1)     (1   n   n-2 … 3   2   n-1)  

      (1   2   3… n-3   n   n-1)     (1   n   n-3 … 3   2   n-1) 

(1  3   2… n-2   n   n-1)     (1   n   n-2 … 2   3   n-1) 

⁞ 

Step3/ Make the process cycle for all each permutation resulted in the step 2 after deleting the equivalents to generate n!/2 

permutation in this step as following:-  

 

 

 

 

 

 

 

 

 

⁞ 

 

⁞ 

⁞ 

(1   2   3 … n-2   n   n-1) 

(2   3   4   … n    n-1   1) 

(3   4   5   …  n-1   1   2) 

(4   5   6   …  1      2    3) 

⁞ 

(n-1   1   2   … n-3   n-2  n) 

  (1   2   3… n-3   n    n-1) 

(2   3   4 … n    n-1   1) 

(3   4   5 … n-1   1    2) 

(4   5   6   … 1    2    3) 

⁞ 

(n-1   1   2…  n-2  n-3  n) 

 (1    3    2…   n-2   n   n-1) 

(3    2    4 …   n    n-1   1) 

(2    4    5 …   n-1   1    3) 

(4    5    6   …  1     3    2) 

⁞ 

(n-1   1   3… n-3  n-2   n) 

  (1   2   3… n-2   n-1  n) 

(2   3   4… n-1   n    1) 

(3   4    5 … n    1    2) 

(4   5    6 … 1    2    3) 

⁞ 

 (n   1   2… n-3  n-2  n-1) 
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Step4/ Take the inverse (reverse) for each permutations resulted from step 3 to produce all the required permutations of the 

permutation n!  as follows: - 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                   ⁞                                                                           ⁞ 

 

These are all steps for the perfect algorithm to generating permutation therefore to understand this algorithm we will give 

example to use this algorithm on initial permutation (1 2 3 4 5) that have 5 elements, then we most make these steps in the 

following  

 

Step1/ Find the original starter sets by fixing two elements, and changes the remainder elements as following  

(1 2 3 4 5)  (1 4 3 2 5) 

(1 2 4 3 5)  (1 3 4 2 5) 

(1 3 2 4 5)  (1 4 2 3 5) 
 

Then delete the equivalents invers permutation, we will get original starter sets as following  

(1 2 3 4 5) 

(1 2 4 3 5) 

(1 3 2 4 5) 
 

Step2/ Find sequent starts sets by fixing another two elements for each permutation produced from step 1 as following 
  

(1 2 3 4 5)                          (1 2 4 3 5)                          (1 3 2 4 5) 

(1 2 3 5 4)  (1 5 3 2 4)     (1 2 4 5 3)   (1 5 4 2 3)    (1 3 4 5 2)  (1 5 4 3 2) 

(1 2 5 3 4)  (1 3 5 2 4)     (1 2 5 4 3)  (1 4 5 2 3)     (1 3 5 4 2)  (1 4 5 3 2) 

(1 3 2 5 4)  (1 5 2 3 4)     (1 4 2 5 3)  (1 5 2 4 3)     (1 4 5 3 2)  (1 3 5 4 2) 
  

Then take only one side of permutations and delete the equivalents as following  

 (1 2 3 4 5)                        (1 2 4 3 5)                         (1 3 2 4 5) 

(1 2 3 5 4)                        (1 2 4 5 3)                         (1 3 4 5 2) 

(1 2 5 3 4)                        (1 2 5 4 3)                         (1 3 5 4 2) 

(1 3 2 5 4)                        (1 4 2 5 3)                         (1 4 5 3 2) 
  

 

Step3/ Make cyclic for all permutation generating from step 2 to find half all permutations generate from 5! It is 5! /2 = 60 

permutations as following  

 

(1 2 3 4 5)        (1 2 3 5 4)       (1 2 5 3 4)       (1 3 2 5 4) 

(2 3 4 5 1)        (2 3 5 4 1)       (2 5 3 4 1)       (3 2 5 4 1) 

(3 4 5 1 2)        (3 5 4 1 2)       (5 3 4 1 2)       (2 5 4 1 3) 

(4 5 1 2 3)        (5 4 1 2 3)       (3 4 1 2 5)       (5 4 1 3 2) 

(5 1 2 3 4)        (4 1 2 3 5)       (4 1 2 5 3)       (4 1 3 2 5) 

(n    n-1   n-2… 3    2   1) 

(1    n     n-1…  4    3   2) 

(2    1      n …   5    4    3) 

(3    2     1 …    6    5    4) 

⁞ 

(n-1   n-2   n-3… 2    1   n)  

(1   2   3… n-2   n   n-1) 

(2   3   4  … n    n-1   1) 

 (3   4   5  … n-1   1     2) 

 (4   5   6  … 1       2     3) 

⁞ 

(n-1  1   2 … n-3  n-2  n) 

 

 (n-1    n   n-2… 3   2   1) 

(1   n-1    n …  4   3   2) 

(2    1    n-1  …5   4   3) 

(3    2      1   … 6   5   4) 

⁞ 

(n    n-2   n-3… 2   1  n-1) 

 

 (1    2   3… n-2   n-1   n) 

(2    3   4 … n-1   n    1) 

(3    4    5 …  n     1    2) 

(4   5    6 …  1     2     3) 

⁞ 

  (n   1    2… n-3   n-2  n-1) 
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(1 2 4 3 5)        (1 2 4 5 3)       (1 2 5 4 3)       (1 4 2 5 3) 

(2 4 3 5 1)        (2 4 5 3 1)       (2 5 4 3 1)       (4 2 5 3 1) 

(4 3 5 1 2)        (4 5 3 1 2)       (5 4 3 1 2)       (2 5 3 1 4) 

(3 5 1 2 4)        (5 3 1 2 4)       (4 3 1 2 5)       (5 3 1 4 2) 

(5 1 2 4 3)        (3 1 2 4 5)       (3 1 2 5 4)       (3 1 4 2 5) 
  

(1 3 2 4 5)        (1 3 4 5 2)        (1 3 5 4 2)        (1 4 5 3 2) 

(3 2 4 5 1)        (3 4 5 2 1)        (3 5 4 2 1)        (4 5 3 2 1) 

(2 4 5 1 3)        (4 5 2 1 3)        (5 4 2 1 3)        (5 3 2 1 4) 

(4 5 1 3 2)        (5 2 1 3 4)        (4 2 1 3 5)        (3 2 1 4 5) 

(5 1 3 2 4)        (2 1 3 4 5)        (2 1 3 5 4)        (2 1 4 5 3) 

 

 

Step4/ Take inverse for all permutation produced from step 3 to find all permutation from (1 2 3 4 5) is 5! Permutations as 

following  

 

Permutations  inverse  permutations inverse 

(1 2 3 4 5) 

(2 3 4 5 1) 

(3 4 5 1 2) 

(4 5 1 2 3) 

(5 1 2 3 4)  

(5 4 3 2 1) 

(1 5 4 3 2) 

(2 1 5 4 3 ) 

(3 2  1 5 4) 

(4 3 2 1 5) 

(1 2 3 5 4) 

(2 3 5 4 1) 

(3 5 4 1 2) 

(5 4 1 2 3) 

(4 1 2 3 5) 

(4 5 3 2 1) 

(1 4 5 3 2) 

(2 1 4 5 3) 

(3 2 1 4 5) 

(5 3 2 1 4) 

(1 2 5 3 4) 

(2 5 3 4 1) 

(5 3 4 1 2) 

(3 4 1 2 5) 

(4 1 2 5 3) 

(4 3 5 2 1) 

(1 4 3 5 2) 

(2 1 4 3 5) 

(5 2 1 4 3) 

(3 5 2 1 4) 

(1 3 2 5 4) 

(3 2 5 4 1) 

(2 5 4 1 3) 

(5 4 1 3 2) 

(4 1 3 2 5) 

(4 5 2 3 1) 

(1 4 5 2 3) 

(3 1 4 5 2) 

(2 3 1 4 5) 

(5 2 3 1 4) 
 

 

permutations inverse  permutations inverse 

(1 2 4 3 5)        

(2 4 3 5 1)        

(4 3 5 1 2)        

(3 5 1 2 4)        

(5 1 2 4 3)        

(5 3 4 2 1) 

(1 5 3 4 2) 

(2 1 5 3 4) 

(4 2 1 5 3) 

(3 4 2 1 5) 

(1 2 4 5 3) 

(2 4 5 3 1 ) 

(4 5 3 1 2) 

(5 3 1 2 4) 

(3 1 2 4 5) 

(3 5 4 2 1) 

(1 3 5 4 2) 

(2 1 35 4) 

(4 2 1 3 5) 

(5 4 2 1 3) 

(1 2 5 4 3) 

(2 5 4 3 1) 

(5 4 3 1 2) 

(4 3 1 2 5) 

(3 1 2 5 4) 

(3 4 5 2 1) 

(1 3 4 5 2) 

(2 1 3 4 5) 

(5 2 1 3 4) 

(4 5 2 1 3) 

(1 4 2 5 3) 

(4 2 5 3 1) 

(2 5 3 1 4) 

(5 3 1 4 2) 

(3 1 4 2 5) 

(3 5 2 4 1) 

(1 3 5 2 4) 

(4 1 3 5 2) 

(2 4 1 3 5) 

(5 2 4 1 3) 
 
 

permutations inverse  permutations inverse 

(1 3 2 4 5) 

(3 2 4 5 1) 

(2 4 5 1 3) 

(4 5 1 3 2) 

(5 1 3 2 4)         

 

(5 4 2 3 1) 

(1 5 4 2 3) 

(3 1 5 4 2) 

(2 3 1 5 4) 

(4 2 3 1 5) 

(1 3 4 5 2)   

(3 4 5 2 1) 

(4 5 2 1 3) 

(5 2  1 3 4) 

(2 1 3 4 5)             

(2 5 4 3 1) 

(1 2 5 4 3) 

(3 1 2 5 4) 

(4 3 1 2 5) 

(5 4 3 1 2) 

(1 3 5 4 2) 

(3 5 4 2 1) 

(5 4 2 1 3) 

(4 2 1 3 5) 

(2 1 3 5 4)  

(2 4 5 3 1) 

(1 2 4 5 3) 

(3 1 2 4 5) 

(5 3 1 2 4) 

(4 5 3 1 2) 

(1 4 5 3 2) 

(4 5 3 2 1) 

(5 3 2 1 4) 

(3 2 1 4 5) 

(2 1 4 5 3) 

(2 3 5 4 1) 

(1 2 3 5 4) 

(4 1 2 3 5) 

(5 4 1 2 3) 

(3 5 4 1 2)  

 

In this step we find 5! = 120 permutation for generating initial permutation (1 2 3 4 5) contained 5 elements. 
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Some Initial Results  

 

Lemma 1. There exist (n-2)! /2 original starter sets each n element for listing n! permutations. 

Proof:  From n elements there are n! permutation. If we fixing two elements from these n elements, then product (n-2) 

elements. Then from (n-2) elements product (n-2)! permutations. These are (n-2)! Permutation to have the permutations and 

inverse. Divided the permutation to 2, we will get (n-2)!/2 permutations without invers which is original starter sets. 

Theorem 2. There exist n cycles for each sequent starter sets of n elements 

Proof:  Let (1, 2, 3, …, n) permutations sequent starter set with fixing 1 and n elements we have 

1    2   3   4…   n 

2    3   4 …  n   1 

 3    4  …  n  1   2 

… … . . . 

… … . . . 

… … . . . 

       n   1   2  …  n-2  n-1 

which produce n cycle. 
 

Lemma 3. There is (n-1)! /2 sequent starter sets from original starter sets for n elements. 

Proof: We have n! /n from list permutations, equal  n (n-1)! / (n). Then (n). (n-1)! / (n) = (n-1)! permutation from n elements 

(permutation and invers), then (n-1)!/2  permutation without invers which is call sequent starter sets that is produced all n! 

permutations.  

Theorem 4. There exists n!/2  permutations from  (n-2)!/2 original starter sets for n elements under cycle’s operation. 

Proof: we have (n-2)!/ 2 original starter sets (by lemma 1). 

Then (n-2)! All original starter sets and inverse original. 

So (n-2)! Permutations from (n-2) elements 

We have n! all permutations and inverse from n elements, so if we take only permutations without invers we most divide by 2  

Then n!/2 permutations from (n-2)!/2 original starter sets.     

Theorem 5. There is (n-2)!/2 sequent starter sets with fixing two elements product from each original starter set permutation. 

Theorem 6. The generation of all distinct permutation can be obtained by (n-2)! /2 original starter sets. 
 

Conclusions 
 

The perfect algorithm to generating all n! permutation based on generating original  and sequent starter sets with fixing two 

elements is proposed. This algorithm is very easy, in addition to technique by fixing two elements which reduces the 

computation there is recursive circular step for completing all list n! permutation. This study focuses only on the development 

of the algorithm. Moreover the practical implementation in processor of this algorithm should also be established so that the 

computation can be done faster. 
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