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ABSTRACT
In this paper, we prove a common fixed point theorem from the class of compatible continuous mappings to a larger
class of mappings having weakly compatible mappings without appeal to continuity which generalizes the result of

Fisher[2], Jungck[4], Lohani and Badshah[6].
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1. INTRODUCTION

In 1998, Jungck & Rhoades [3] introduced the concept of weakly compatible maps in metric spaces and proved a common
fixed point theorem for these mappings by generalizing previous known results given by many authors in various ways.

In this paper, we prove a fixed point theorem for weakly compatible maps without appeal to continuity. We prove a
common fixed point theorem, from the class of compatible continuous maps to a larger class of maps having weakly
compatible maps without appeal to continuity, which generalizes the result of Fisher [2], Jungck[4], Lohani and Badshah

[6].
2. PRELIMINARIES
Now we give some definitions which are used in this paper.

Definition. A pair of maps A, S: (X, d) — (X, d) is compatible pair if
lim,_. d(ASX,, SAX,) =0,

Definition. A pair of maps A,S: (x ,d) - (x ,d) isweakly compatible pair if they commute at coincidence points i.e.

Ax = Sx implies asx - sax .

Example.

Let X=[0, 3] be equipped with the usual metric space d(x, y) = |x - y| Define A,S: [0, 3] — [0, 3] by

if xe[0,1) and S(x):3_x if xe[01)

A(x) =

X
3 if xe[1,3] if xe[1,3]

Then for x — 3, asx = sax , showing that A, S are weakly compatible maps on [0, 3].
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Example.

Let X=[2, 20] and d be the usual metric on X. Define mappings A,S:x — x by ax = x if x =2 or > 5, ax =6 if
2<x<5,5x =x IfXZ2, sx =212 if2 < x<5,5x = x—3 ifx>5_
The mappings A and S are non-compatible and sequence {x,} defined by x -5+ (1/n),n>1.Then

Sx, > 2,Ax, > 2 SAx , — 2 and Asx =— 6 .Buttheyare weakly compatible since they commute at coincidence

point at x=2.
Example.

Let X=R and define A,s :R > R By Ax = x/3,x e R and sx = x?, x e R . Here 0 and 1/3 are two coincidence

points for the maps A and S. Note that A and S commute at 0, i.e. AS(0)=SA(0)=0, but AS(1/3)=A(1/9)=1/27 and SA(1/3)
=5(1/9)=1/81 and so A and S are not weakly compatible maps on R.

Remark.
Weakly compatible maps need not be compatible.
3. MAIN RESULT
We need the following lemma to prove our main result.
Lemma. Let A, B, Sand T be self mappings from a metric space (X,d) into itself satisfying the following conditions.

A(x) = s(x)and B(x) <= T(x) (3.1.1)

d(sy,By )@+ d(Tx, Ax ))+ﬁ[d(Tx,By )+ d(Sy, Ax)]
[1+d(Tx,Sy)] (312)

+,d (Tx , sy ) forallx, yin X.

d(Ax,By )< «

Wherea, 5.7 = 0,0 <« + 28 + » < 1. Then for any arbitrary point x, in X, by (3.1.1), therefore, there exists a point

x, e x suchthat sx, = Ax, and for this point x;, We can choose a point x, « x suchthat Bx, = Tx , and soon.
Inductively, we can define a sequence {y,} in X such that

Y,, = SX = AX and Yon = IX = BX 1 for n=01212.... (313)

2n+1 2n 2n+2 2n

Then the sequence (,, . defined by (3.1.3) is a Cauchy sequence in X.
Proof: From (3.1.2), we have

d (y2n‘ y2n+1): d (AX 2n’ Bx 2n+1)
d (SX 2n+1"? BX 2n+1)[1 + d (TX 2n’ AX Zn)]

[L+d (T, 8x,,.,)]

s o

+ pld(x,,,Bx,, )+ d(Sx Ax , )]+ yd (Tx,, ., Sx,..,)

d (Y, Yoo L+ d (Vo0 Vo)l
[1+ d(y2n+l’ yZn)]
+ Bld(Yonas Yo )+ d (Vo0 Van)

2n+1"

d (yZn y2n+1) s a
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+ 78 (Yopaar Van)
On simplification we have

(r + 8)d(Yon: Younia)
l1—-a —p

d(Y,n: Yonia) <

d(yzn’ y2n+1)S h d(yzn’ y2n+1) Where h = ¢< 1
l1—-a —p

NOW d (y,,y,,,)<hd (y,,,.¥,)< .. <h?d(y,.v,)
For every integer ¢+ ~ o, we get
d (yn’ yn+t)S d (yn’ yn+1)+ d (yn+1’ yn+2)+ e d (yn+t—1’ yn+t)

<@+h+h®+.. +h"71)d(yn,yn+1)

h
d(Y,.¥,,.)< d(y,.y,)
1-h

Letting n — «, wehaved(y,,y,, )— 0. Therefore ¢y 3 isa Cauchy sequence in x.

Now, we prove our main result by using this lemma.

Theorem. Let (A,T) and (B, S) be weakly compatible pairs of self maps of a complete metric space (X, d) satisfying (3.1.1)
and (3.1.2). Then A, B, S and T have a unique common fixed point in X.

Proof: By Lemma 3.1, ¢y 3 isa Cauchy sequence in X. Since X is complete, therefore, there exists a point z in X such
thatlim y = z.

Also, i — i — i — i -
v lim Sx, ., =1Ilm Ax, =Ilm Tx, ,=1Im Bx, B = z.

n— o n— o n— o n— o

B(X )< T (X ) SO, there exists apoint u e x such that z = Tu, then using (3.1.2), we obtain
d(Au,z)<d(Au,Bx,, ,)+d(Bx, . 2)

2n+1’ BX 2n+1 )[1 + d (TU ’ AU )]

d (sx
< a
[1+d(Tu,sx,,.,)]

+ p{d(Tu,Bx,, )+ d(Sx,. ., Au)}+ »d[Tu,Sx, ]

Taking limitas n — o Vields d (Au, z) < Bd (Au, z), acontradiction, sinCe«., 8,y > 0,< @ + 28 + » <1 . Therefore

Au =Tu = z.

Since a(x) < s(x), thereexistsapoint v e x suchthat. — sv .Then again using (3.1.2), we get

d(sv,Bv )L+ d(Tu, Au )]
[+ d(Tu,sv)]

d(z,Bv)=d(Au,Bv )<

+ pld(Tu,Bv )+ d(sv, Au )]+ y[d(Tu,sv)]
d(z,Bv )< (a« + B)d(z,Bv ), acontradiction

Therefore, ; — gv . ThUS Au = Tu = Bv = Sv = 2

Since pair of maps A and T are weakly compatible, then atu = Tau , i.e. Az=Tz. Now we show that z is a fixed point of
A. If Az =+ Z’then by (3.1.2),
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d(Sv,Bv )+ d(Tz, Az)

d(Az,z)=d(Az,Bv )< « 1+d(Tz,sv)]

+ pBld(Tz,Bv )+ d(sSv, Az )+ »(Tz,Sv)]
= pld(Az,z)+d(z,Az )+ y(Az,z)]
= (28 + y)d(Az,z), whichyields Az = 2.

Therefore 7z = Az = 2.

Similarly, pairs of maps B and S are weakly compatible, we have Bz=Sz=z, since

d(sz,Bz )[1+ d(Tz, Az )]
[1+d(Tz,52)]

d(z,Bz )< d(Az,Bz )< «

+ pBld(Tz,Bz )+ d(Sz, Az )]+ yd(Tz,Sz)
= p[d(z,Bz )+ d(z,Bz )]+ yd(Bz, z).

= (28 + »)d(Bz,z), Whichyields Bz = z.

Therefore z=Tz=Sz=Az=Bz and z is a common fixed point of A, B, Sand T.
Uniqueness follows easily from (3.1.2)
The following example illustrates our theorem.

Example.

Let X=[0, 1] and d be usual metric, i.e. d(X, y)= |x-y|
Definemaps AB,S, T: x — x as follows:
Sx =6,Ax = x,Tx = x/32,Bx = X

Pairs (T, B) and (S,A) are weakly compatible. Now

d(sx.,Ty )=|y/32|<[x/2+59y/384 + 31 xy /192 ] forall x,y < x

s3I bD

112 |x—y 32|+ |y| T4l -y
1+‘X7 y‘

<1/6

d(By ,Ty )1 + d (Ax, Sx )]
[1+ d(Ax, By )]

=1/6

+1/12[d(Ax,Ty )+ d(By ,Sx )]+ 1/4d(Ax, By )

Hence all the assumptions of the theorem are satisfied with o =1/6, 8 =1/12,» =174 and zero is the unique common
fixed point of A, B, Sand T.

Remark

Our theorem improves the result of Fisher [2], Jungck[4], Lohani and Badshah [6] in two aspects. Firstly our theorem does
not require the mappings to be continuous; secondly we prove the result for weakly compatible mappings instead of
compatible mappings.
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