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ABSTRACT 

 

In this paper, we prove a common fixed point theorem from the class of compatible continuous mappings to a larger 

class of mappings having weakly compatible mappings without appeal to continuity which generalizes the result of 

Fisher[2], Jungck[4], Lohani and Badshah[6]. 
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1. INTRODUCTION 

 

In 1998, Jungck & Rhoades [3] introduced the concept of weakly compatible maps in metric spaces and proved a common 

fixed point theorem for these mappings by generalizing previous known results given by many authors in various ways. 

 

In this paper, we prove a fixed point theorem for weakly compatible maps without appeal to continuity. We prove a 

common fixed point theorem, from the class of compatible continuous maps to a larger class of maps having weakly 

compatible maps without appeal to continuity, which generalizes the result of Fisher [2], Jungck[4], Lohani and Badshah 

[6]. 

 

2. PRELIMINARIES 

 

Now we give some definitions which are used in this paper. 

 

Definition. A pair of maps A, S: (X, d)  (X, d) is compatible pair if 

  limn
 d(ASxn, SAxn) = 0,  

 

Definition. A pair of maps A,S:    dXdX ,,   is weakly compatible pair if they commute at coincidence points i.e. 

SxAx   implies SAxASx  . 

 

Example. 

 

Let X=[0, 3] be equipped with the usual metric space d(x, y) = yx   Define A,S: [0, 3]  [0, 3] by  

 
 

 3,13

1,0






xif

xifx
xA

       and         
 

 3,13

1,03






xif

xifx
xS

 

Then for ,,3 SAxASxx   showing that A, S are weakly compatible maps on [0, 3]. 
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Example. 

 

Let X=[2, 20] and d be the usual metric on X. Define mappings A,S: XX   by xAx   if 2x  or ,5  6Ax  if 

xSxx  ,52  if x=2,  12Sx  if 52  x , 3 xSx  if 5x . 

The mappings A and S are non-compatible and sequence {xn} defined by   .1,/15  nnx
n

Then

2,2 
nn

AxSx
,
 2

n
SAx  and 6

n
ASx . But they are weakly compatible since they commute at coincidence 

point at x=2.  

 

Example. 

 

Let X=R and define RRSA :,  by RxxAx  ,3/  and RxxSx  ,
2 . Here 0 and 1/3 are two coincidence 

points for the maps A and S. Note that A and S commute at 0, i.e. AS(0)=SA(0)=0, but AS(1/3)=A(1/9)=1/27 and SA(1/3) 

=S(1/9)=1/81 and so A and S are not weakly compatible maps on R. 

 

Remark.  

 

Weakly compatible maps need not be compatible. 

 

3. MAIN RESULT 

 

We need the following lemma to prove our main result. 

 

Lemma. Let A, B, S and T be self mappings from a metric space (X,d) into itself satisfying the following conditions. 

 

   xSxA   and    xTxB                                                                                                  (3.1.1)
 

 
    

  
    AxSydByTxd

SyTxd

AxTxdBySyd
ByAxd ,,

,1

,1,
, 




 

                             (3.1.2)

 

                 +  SyTxd ,  for all x, y in X. 

 

Where 120,0,,   . Then for any arbitrary point xn in X, by (3.1.1), therefore, there exists a point 

Xx 
1

 such that 
01

AxSx   and for this point x1 , We can choose a point Xx 
2

 such that 
21

TXBx   and so on. 

Inductively, we can define a sequence {yn} in X such that  

 

nnn
AXSXy

2122



 and 

122212 


nnn
BXTXy  for .........2,1,0n                            (3.1.3)

 

Then the sequence  
n

y  defined by (3.1.3) is a Cauchy sequence in X. 

 

Proof: From (3.1.2), we have 

 

   
122122

,,



nnnn

BxAxdyyd  

                    

    

  
122

221212

,1

,1,










nn

nnnn

SxTxd

AxTxdBxSxd
  

                    
      

122212122
,,,




nnnnnn
SxTxdAxSxdBxTxd   

 
    

  
nn

nnnn

nn

yyd

yydyyd
yyd

212

212122

122

,1

,1,










   

                   
    

nnnn
yydyyd

221212
,, 
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nn
yyd

212
,


   

 

On simplification we have 

 

 
   














1

,
,

122

122

nn

nn

yyd
yyd

 

   
122122

,,



nnnn

yydhyyd  where 1
1










h  

Now      
10

2

11
,.....,, yydhyyhdyyd

nnnn



 

For every integer ,0t  we get 

       
tntnnnnntnn

yydyydyydyyd


 ,....,,,
1211

 

                     
   

1

12
,......1






nn

n
yydhhh  

   
101

,
1

, yyd
h

h
yyd

n

nn





 

Letting ,n  we have   0, 
 tnn

yyd . Therefore }{
n

y  is a Cauchy sequence in x. 

Now, we prove our main result by using this lemma. 

 

Theorem. Let (A,T) and (B, S) be weakly compatible pairs of self maps of a complete metric space (X, d) satisfying (3.1.1) 

and (3.1.2). Then A, B, S and T have a unique common fixed point in X. 

 

Proof: By Lemma 3.1, }{
n

Y  is a Cauchy sequence in X. Since X is complete, therefore, there exists a point z in X such 

that .lim zy
n

n




 

Also, .limlimlimlim
1222212

zBxTxAxSx
n

n
n

n
n

n
n

n










  

 
   XTXB    

so, there exists a point Xu   such that ,Tuz   then using (3.1.2), we obtain 

     zBxdBxAudzAud
nn

,,,
1212 


 

              

    

  
12

1212

,1

,1,










n

nn

SxTud

AuTudBxSxd
  

              
      

121212
,,,




nnn
SxTudAuSxdBxTud   

 

Taking limit as n  yields    ,,, zAudzAud   a contradiction, since 12,0,,   . Therefore

.zTuAu   

 

Since    ,xSxA   there exists a point Xv   such that Svz  .Then again using (3.1.2), we get 

 

   
    

  SvTud

AuTudBvSvd
BvAudBvzd

,1

,1,
,,




   

                                        SvTudAuSvdBvTud ,,,    

     ,,, BvzdBvzd    a contradiction 

 

Therefore, Bvz  . Thus zSvBvTuAu   

 

Since pair of maps A and T are weakly compatible, then ,TAuATu   i.e. Az=Tz. Now we show that z is a fixed point of  

A. If ,zAz  then by (3.1.2), 
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  SvTzd

AzTzdBvSvd
BvAzdzAzd

,1

),(,
,,




   

                                       SvTzAzSvdBvTzd ,,,     

                                       zAzAzzdzAzd ,,,    

                                    ,,2 zAzd   which yields .zAz   

Therefore .zAzTz   

 

Similarly , pairs of maps B and S are weakly compatible, we have Bz=Sz=z, since 

 

   
    

  SzTzd

AzTzdBzSzd
BzAzdBzzd

,1

,1,
,,




   

                                        SzTzdAzSzdBzTzd ,,,    

                                        .,,, zBzdBzzdBzzd    

                                     ,,2 zBzd   which yields .zBz   

 

Therefore z=Tz=Sz=Az=Bz and z is a common fixed point of A, B, S and T. 

Uniqueness follows easily from (3.1.2) 

The following example illustrates our theorem. 

 

Example. 

 

 Let X=[0, 1] and d be usual metric, i.e. d(x, y)= |x–y| 

Define maps A,B, S, T : XX   as follows:  

xBxxTxxAxSx  ,32/,,  
 

Pairs (T, B) and (S,A) are weakly compatible. Now 

 

   192/31384/592/32/, xyyxyTySxd   for all Xyx ,  

               

 
yyx

yx

xy





 32/12/1

1

1
32/316/1

+ yx 4/1  

               

    

  ByAxd

SxAxdTyByd

,1

,1,
6/1






 

                     ByAxdSxBydTyAxd ,4/1,,12/1   

 

Hence all the assumptions of the theorem are satisfied with 4/1,12/1,6/1    and zero is the unique common 

fixed point of A, B, S and T. 

 

Remark 

 

Our theorem improves the result of Fisher [2], Jungck[4], Lohani and Badshah [6] in two aspects. Firstly our theorem does 

not require the mappings to be continuous; secondly we prove the result for weakly compatible mappings instead of 

compatible mappings. 
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