International Journal of Enhanced Research in Science, Technology & Engineering
ISSN: 2319-7463, Vol. 7 Issue 1, January-2018, Impact Factor: 4.059

Existence and Uniqueness of Mild Solution of
certain Nonlinear Integrodifferential Equation

Noora L. Husein

Department of Mathematics, College of Education for Pure Science, University of Mosul, Mosul, Iraq

ABSTRACT

In this paper, by using Banach fixed point theorem, we study the existence and uniqueness of mild and strong
solutions of Valera — Fredholm integral equation and Integrodifferential equation.
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1. INTRODUCTION

Existence of mild, strong and classical solutions for differential and Integrodifferential equations in abstract spaces with
nonlocal conditions has received much attention in recent years. We refer to the papers of [***°!. The conditions on
functions used in this work were different from those in [2] as discussed in Refs 7. The main tool employed in the

analysis is based on the Banach fixed point theorem. The objective of the present paper is to study the existence of
mild and strong solutions of the problem

/ t b
[X(t) + g (t,x(t)] + Ax(t) = f(t,x(t), [k (t,s)k, (s,x(s))ds,[h (t,s)h, (s,x(s))ds) (1.1)
{ 1 2 01 2

x(t0)+g(tl,tz,...,tp,x(-)):x0 (1.2)
Where 0 < to < tl < t2 <<ty < to + B, — A isthe infinitesimal generator of a C, Semi group T (t),t>0,

in a Banach space X and the nonlinear functions:
f'[t t +ﬂ]><X><XxX—>X g'[t t +ﬂ]pxX—>Xk h '[t t +,6’]><[t t +,B]—>[t t +,b’]
0’0 BN V() 110000 0'0 0'0
kz,hz:[to,to+ﬂ]><[t0,t0+ﬂ]><x - X
and X, isagiven element of X.

Where X be aBanach space with norm HH Let B :{Xex:Hst rfc X  be a closed ball in X and

E=C ([to ity + ﬂ] i By ) denote the complete metric space with metric:

d(x,y) :HX - VHE = sup {HX(t) - y(t)H X,ye E}

[ 1
teLtO ,t0+ﬂ—‘

This paper is organized as follows. In section 2, we present the preliminaries and hypotheses, this is followed by the
results as detailed in Section 3.
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2. PRELIMINARIES AND MAIN RESULTS
We shall set forth some Preliminaries and hypotheses that will be used in our subsequent discussion.
Definition 2.1

A continuous solution x of the integral equation

X(D) =T (t=t) Xy = T(t= 1) g(t; tym tp, X() + T (t=1t,) g(0,x(0))

t t S
- [ AT (t=s)g(s,x(s))ds+ [T(t-s) f(t,x(t), jkl(s,r)kz(r,x(r))dr
t,
to to
t,+ 5
[hy(s,z)h, (z.x(r)d7)ds, (2.1)
t

o

With t e [to ,t0 + ﬁJ, is said to be a mild solution of (1.1)-(1.2) on [to ,to + B ]
Definition 2.2

A function x is said to be a strong solution of (1.1)-(1.2) on [tO ’tO +p ]

If x is differentiable almost everywhere on [to o * ,3], x'e Ll([t0 ’tO + ﬁ], X) andsatisfying (1.1)-(1.2)

a.e.on [to,tO + /3].
-We list the following hypotheses for our convenience:

(H1) There exist continuous G, P > 0, such that

Hg (tl’tz"”’ tp,xl(.)) — g(tl,tz,..., tp,x2 ®)) Hs G Hxl — XZHE’ for XX, € E

o0 %)= a0 %) < P x, - x, | . for x,.x, < E

(H2) Aisthe infinitesimal generator ofa C , semigroup T (t), t > 0 in Xsuch that
[reofsm.

||AT(t)||s Ml’ for some M,Mlzl.

(H3) There are constants L., K 51€1:Cy such that

1 l’Hl'Gl'G

L= max | (t.0.0,0)

o<t<t,+ [

K1 = max sz(s,O)H,
o<t<t,+ 4

M= om0
oLt<t,+ S

G, = max |90 x(0)],

xeE

ot x ()| < 01”’(”Jr €or
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(H4) The constants M M va,y and  satisfy the following two inequalities:

MIx. -G, +G
[I 0 1 2
In the next section, we are going to state the results to be proved in this work.

,L,K,H,ﬂ,r,cl,c

%0 1 2

+Lrg+ LocKrﬁ2 + LaKlﬂZ + L;/Hrﬁ2 + L;/le,B2 + Llﬂ]+ Ml[c1r+c2],8 <d

Theorem 2. 3.

Assume that
(1) Hypotheses (H1)-(H2) hold,
(i) f :[tO’tO + ,B]X X x X x X — X jscontinuous in t on [to’tO + ﬂ]andthereexistsa

constant L > 0 such that

< — — _
< mel XzH*Hyl yzH*‘Pl ZZH)

for xi,yi,zi € By,i=1,2

Git) ko clgotg + B 1x gty + 8]0 gty phgny sty + sty + 8 o x

Are continuous in t on [to g+ ﬂ] and there exist positive constants K, H,Lg, .7 such that

<y -, )

kz(s,xl)— kz(s,xz)

iy -,

h, (s.x)=h,(s,x,)

< Lg ([Xl - xz])

9(s.%) ~ 9(5,%,)

< a,

kl(t,s)

<y,

hl(t's)
for 05,7/>0,Xi,yi € By,i=172

t ,t
Then problem (1.1)-(1.2) has a unique mild solution on [ 0o " P ]

Proof of Theorem:
The operator F : E — E s defined by

t
(Fz )(t):T(t—tO)[xo S0ttt 20) + 9(0,20)) |- | AT (t-s)g(s.2(s)) ds

0
t S b
+ [T(t-s) f(t,z(1), jkl(s,r)kz(r,z(r))dr, jhl(s,r)hz(r,z(r))dr)ds,
tO t, 0

For te [to g+ ,6’] we show that F maps E into itself for z € E ,t € [to,tO + ﬂ] with the use of hypotheses

(H2)-(H4) and assume points (ii)-(iii), we have:
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+ T(t—to)g(O,z(O)H—

t t S
N BN ESITOHO I i (DR OO} [, (5,7)K, (r,2(r) dr,

) ) -
t,+p
jhl(s,r)hz(r,z(r))dr)ds“
[
t t S
<M g+ MG+ MG - M i atszs) Jos +m L] fs.z20) tjkl(s,f)kz(f,z(f))df,
) ) :
i+
i, (s,)h, (7, 2(r) de) - £(50,00) [ +]f(5.0.0,0)] Jas

t

(¢}

t t s
<M x|+ MG+ MG, + M| [01“2(3)“+ cz]ds M IL(fe(s)- o] +] tjkl(s,r)kz(z',z(z'))dr—o ”
4 4 °
t,+p
| b (son (ea(e)dr -0 )+ [f (5,000 Jas
tO
t t s
<l eme o6 e m e, lis em gl L‘kl(s,r) tj sz(r,z(r)—kz(f,0)+kz(r,O) o+
tO tO °
t,+/
+L‘h1(s,r) tj th(f,Z(T)—hz(T,O)+hz(T,O) HdT+L1 Ids
t
<M, |+ M6 +vG +M1[c1r+c2]ﬂ+ M [ | FLakrf + LaK f+ LpHrf+ LH oL i

'

SMl[c1r+cz]ﬂ+M[ £6, 4G +Lr/3+LaKr,82+LaKlﬂ2+LyHrﬂ2+LyH1ﬂ2+L1ﬂ J<r

olF 217"

Thus, F maps into itself.
Now, for every Z,.2, € E,te [tO’tO + ﬂ] and using
(H1),(H2),(H4) and assume points (ii), (iii), we obtain:
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H( F2 (0 - (72 )(t)HH

<

T(t-tg) [l 902,00 - 9 (0.2, 0 |

T(t-1,) Il Gty ty v Tp 2y () = Gt Ty T2, () |+

t t s
s ][ AT =) [ atsiz () —atsizy () fos + | Te-s) | fsiz () [k (s.0)k, (712, (2))dE,
t t b

0 0
t,+p s t,+ /5
tj hl(S,T)hz(r,ZZ(r))dr) - f(s’ZZ(S)' tj kl(s,r)kz(r, 22(1))dr, tj hl(s,r)hz(r,zz(r))dr) "ds

t t
< MG Hzl(s)— zz(s) + M 1 | Lg Hzl(s)— zz(s)Hds + [ ML [ Hzl(s)— ZZ(S)H

+ MP Hzl(s)— zz(s)

t0 t0
S to+ﬁ

+ kl(s,r)tj" Ky (7.2, () =k, (7.2, () oz + hy(s.0)| ] I hy(r.2,(2) =, (r.2,(r)) laz Jds
t S to+ﬁ

< _ _ _ _

< MG |z, 22‘E+MP Z, 22‘E+M1Lgﬂ’z1 22‘E+ML z, ZZ‘E [ [1+aKtj dz + yH tj dz Jds
t o o
0

< _ _ _ _

< MG Z) 22‘E+MP Z, 22‘E+M1Lgﬂ’z1 22‘E+ML z, ZZ‘E Bll+aK g +yH g ]

= QHH - ZZ“E ’

Where q = MG + MP + M Lg A+ ML S+ M aK ﬂ2 + ML yH g2 and hence, we obtain:

”(le) - (Fz 2)”5 < q”21 - ZZHE

With 0 < g < 1. This shows that the operator F is a contraction on the complete metric space E. By Banach fixed
point theorem, the function F has a unique fixed point in the space E, and this point is the mild solution of problem
(1.1)-(1.2) on [to o+ B ] , Which completes the proof of the theorem 2.3.

Theorem 2.4:

Assume that:

(i) hypotheses (H1)-(H4) hold,
(i) Xis areflexive Banach space with norm H,Hand Xy € D (A), thedomain of A.
(iii ) gt t, . tp . X() €D(A),

(iv) There existsaconstant L > 0 such that

X =X, |+ +

!

Hf(t,xl,yl,zl)—f(t,xz,yz,zz) SLZ Qtl—‘[2 yl—y2 zl—z2

(V) There exist positive constants Ly K H . Lg.a,y such that
Lo=  mex | (t.x(1),0,0)]
te[to,to+ﬂ}
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i

K1= max sz(r,x(r)

Te{to,to+ﬂ}

H1: max th(‘r,x(r)
re{to,to+ﬂ}

R = max ‘kl(S,T),
s,relt t,+ 8]
L ]

S = max ‘hl(s,r),

S,re[to,to+ﬂ]

< Lg (ltl - t2‘+ Hxl - XZH)’

< _
_a‘tl t

g(tllxl)_g(tzvxz)

ky () 8) =k (t,,9) 2‘,

Sy‘tl—t

hl(tl's)_hl(tZ’S) 2‘

Then x is a unique strong solution of (1.1)-(1.2) on [to o * ,6’] for0< @ <t-t,and te [tO'tO + ﬁ]

We get:

x(t+8) - x(t)

:[T(t+0—to)—T(t—t0) ]xo—[T(t+9—t )—T(t—to) ]g(tl,t2 ..... tp,x(.))

0
t t
o+0 +9
+[T(t+9—t0)—T(t—t0)]g(O,x(O))— [ AT (t+60-s)g(s,x(s)ds - [ AT (t+6-s)g(s,x(s)ds
L o+ 0
t to+(9 S to+ﬂ
+ [ AT (t-s)g(s,x(s))ds+ [ T(t+86-s)f(s,x(s) jkl(s,r)kz(r,x(r))dr, jhl(s,r)hz(r,zz(r))dr)ds

—

]

t t t

0

0 0

—

+0 S to+ﬂ

+ T(t+80-5s)f(s,x(s) [k, (s,7)k,(r,x(z))dr, h, (s,z)h, (r,z,(r))dzr)ds
tj t{ 1 T 5 7,Xx(r))dr tj 1 T 5 T ) 7))dr
o+ 0
t S to+ﬂ

- [ T(t-s)f(s,x(s), [k, (s,7)k,(r,x(z))dr, h (s,z)h_ (r,z,(r))dz)ds
! Iy Ihom, e

0

=T(t-t)[T(@)-1]x

0 —T(t—to)[T(H)—I]g(t,t ..... tp.X() +T(t-t

b )T ()~ 19 (0,x(0)

0 0

t

o+ 6 t
- J} AT (t+60 -s)g(s,x(s))ds — | AT (t-s)[ g(s+6,x(s+8)) - g(s,x(s) ds
t t

0

torg s to+f
£ T+ 0=9) f(sx(s) [k (s2)ky (e x(2)dz, [hy (5,70, (7,2, (£)de) = £(5,%(),0,0) + f(5,%(5),0,0) Jes
t, t, t,

(o]

t S+6 to+ﬂ
ST T=9) T+ 0,x(s+0), [k (s+0,2)ky(c x(eNde, [h(s+6,0)h, (,x(r)dr)
to t0 to
s t+p

= F(sox(8) [k (s, 00k, (7, x( ) e, [y (s,0)h, (7 x(e)dr) Jos.

t, t,
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Using the assumption the fact|[T (9) - 1]x|= ¢||ax | + 0(¢) , we obtain
[x(t+6) - x|

<M [€€1+9HAXO

o+ 6
]+ M [963 + eHAg (O,X(O))H]— M 1 ) H g (s, x(s)) Hds
t

(¢}

t
-M | a(s+6.x(s+8) - g(s,x(s) [ds
t

]

to+9 S to+ﬂ
M| (s x(s), Tk (s.0)ky (2 x () de, [h(s,0)h, (7,2, (£))d7) = f(5,%(5),0,0) [+ ] f(s.x(5).0,0) | Ids
t f t

0 o

t s+6 t,+ 8
+M ([ f(s+6,x(s+0) Tk (s+0,7)k, (z.x(e))dr, [h (s+0,0)h, (r.x(r))dr)
t t

0o } 0

S to+ﬂ
= F(s.x(s), [k (5.7)k, (. x(e))dr, [h(s.7)h (7, x(r))d7) | o
t t

(s} o

<M [ael + eHAx 0H]+ M [962 + HHAg (t) 1ty v tp o X () H]+ M [963 + 0| Ag (o,x(o))H]f M, [ Cle(s)H+ c, 10

t
- M, LGB - M L tj Ix(s + &) = x(s)[ds + ML LB K O+ ML yB0H, + ML 0 + ML , 0B

o

t
2
+ ML ztj[ [x(s + &) = x(s)|ds + ML ,@B “K,0 + ML ,ap0 K, + ML ,78H 0

)

t
<vo + ML , - M, L ]tj[ x(s + 6) = x(s)ds -

)

Where ¢1,62,&3 > 0 and

V=M[el+

Ax0

+LyapKy + LyypH, 1-M (4] c1||x(s)||+ ¢, l+Lgh |

Which is independent of 0 and t e [to,tO + ,B]. we obtain

‘ML -M L, |
||x(t+9)—x(t)||svae[ 2 Mite )/

, for te [to,tO + ﬁ].
Therefore, X is Lipschitz continuous on [to ’to + /3]. The Lipschitz continuity of x on [to At /3] combined with (iv) and
(v) of theorem (2.4) implies

S to+ﬂ
to F(6X(), [k (5,2)ky (2. x(2)d7 , [h (s,0)h, (z,x(z))d7)ds,
t t

Is Lipschitz continuous on [t ,t, + ], observe that the equation

le} 0

, t b
[y(t) + g (t, y(t))] + Ay (t) = f(t, x(1), jkl(t,s)kz(s,x(s)) ds,jhl(t,s)hz(s,x(s)) ds
t 0

0

y(tg) + g(tl,tz,... X () + X6
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Has a unique strong solution y (t) on [to At ﬂ] satisfying the equation

t
y(t) :T(t—to)xO —T(t—to)g(tl,tz,..., tp,x(~)) +T(t—t0)g(0,x(0)) - | AT (t-s)g(s,x(s))ds
t

0
t s tL,+/5
F T (=) F(Lx(), Tk (s,7)k, (7, x(2)dz, [h(s,0)h, (r,x(r))d7)ds
t to to
0

=x(t), tet,,to + B]

Consequently, x(t) is strong solution of initial value problem (1.1)-(1.2) on [t° L B] .this completes the proof of
theorem 2.4
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