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ABSTRACT 
      

In this paper, by using Banach fixed point theorem, we study the existence and uniqueness of mild and strong 

solutions of Valera – Fredholm integral equation and Integrodifferential equation. 

                                                                                           

Keywords: Banach space; Fixed point Theorem; mild and strong solutions.      

                           

     

 

 

 

 

 

 

 

 

 

1. INTRODUCTION 

 

Existence of mild, strong and classical solutions for differential and Integrodifferential equations in abstract spaces with 

nonlocal conditions has received much attention in recent years. We refer to the papers of [1,4,3,5]. The conditions on 

functions used in this work were different from those in [2] as discussed in Refs [6,7]. The main tool employed in the 

analysis is based on the Banach fixed point theorem.   The objective of the present paper is to study the existence of 

mild and strong solutions of the problem  
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in a Banach space X and the nonlinear functions:  
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          and  0
x  is a given element of X. 

  Where X be aBanach space with norm  .  Let    XrxXx
r

B  :   be a closed ball in X and 
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   denote the complete metric space with metric:  
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This paper is organized as follows. In section 2, we present the preliminaries and hypotheses, this is followed by the 

results as detailed in Section 3. 
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2. PRELIMINARIES AND MAIN RESULTS 

 

  We shall set forth some Preliminaries and hypotheses that will be used in our subsequent discussion. 

 

Definition 2.1  

 
 A continuous solution x of the integral equation  
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With  ,
0

,
0

 ttt  is said to be a mild solution of (1.1)-(1.2) on  
0

,
0

tt . 

 

Definition 2.2   
  

  A function x is said to be a strong solution of (1.1)-(1.2) on  
0

,
0

tt
  

     If x is differentiable almost everywhere on   ,
0

,
0

tt    ),
0

,
0

(
1

XttLx    and satisfying     (1.1)-(1.2)  

a.e. on   
0

,
0

tt . 

 

         -We list the following hypotheses for our convenience: 

 

(H1) There exist continuous ,0, PG  such that 

 

Exxfor
E

xxPxgxg

Exxfor
E

xxGxptttgxptttg





2
,

1
,,

21
)

2
,0()

1
,0(

2
,

1
,

21
(.))

2
,,...,

2
,

1
((.))

1
,,...,

2
,

1
(

 

 

(H2)  A is the infinitesimal generator of a  
0

C  semi group 0),(  tt   in X such that
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 (H4)  The constants andccrHKLMMx  ,,
2

,
1

,,,,,,
1

,,
0

satisfy the following two inequalities: 
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   In the next section, we are going to state the results to be proved in this work. 

 

        Theorem 2. 3.   

           

          Assume that  

        
)i( Hypotheses (H1)-(H2) hold, 
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Are continuous in t on   
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tt   and there exist positive constants  ,,,, gLHK such that 

 

          

  

  

  

2,1,,,0,

,),(
1

,),(
1

21
)

2
,()

1
,(

21
)

2
,(

2
)

1
,(

2

,
21

)
2

,(
2

)
1

,(
2













irB
i

y
i

xfor

sth

stk

xxgLxsgxsg

xxHxshxsh

xxKxskxsk





   

Then problem (1.1)-(1.2) has a unique mild solution on   
 

0
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Proof of Theorem: 

 

The operator EEF :   Is defined by
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, tttEz  with the use of hypotheses 

(H2)-(H4) and assume points (ii)-(iii), we have: 
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    Thus, F maps into itself. 
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1
 HMLKMLMLgLMMPMGq  and hence, we obtain: 
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With 10  q . This shows that the operator F is a contraction on the complete metric space E. By Banach fixed 

point theorem, the function F has a unique fixed point in the space E, and this point is the mild solution of problem 

(1.1)-(1.2) on  
0

,
0

tt , which completes the proof of the theorem 2.3. 
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   Then x is a unique strong solution of (1.1)-(1.2) on
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Using the assumption the fact   )(0)(   AxxIT  , we obtain  
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Has a unique strong solution )( ty on  
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Consequently, x(t) is strong solution of initial value problem (1.1)-(1.2) on 
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theorem 2.4  

 

REFERENCES 
 

[1]. K. Balachandran, and M. Chandrasekaran, (1997); ‟Existence of solutions of nonlinear   Integrodifferential equations with 
nonlocal condition”, J. Appl. Math. Stochastic.  Anal. 10, 279–288. 

[2]. K. Balachandran, (1998); ‟Existence and uniqueness of mild and strong solutions of nonlinear integrodifferential equations 
with nonlocal condition”, Differential Equations Dynam, Systems Vol. 6, 159–165. 

[3]. L. Byszewski, (1991); ‟Theorems about the existence and uniquess of solutions of a          semilinear evolution nonlocal 

Cauchy problem”, J. Math. 494–505. 
[4]. L. Byszewski, (1998); ‟Existence of solutions of a semilinear functional-differential    evolution nonlocal problem”, Nonlinear 

Anal. 34, 65–72. 
[5]. Y. Lin, J. H . Liu, (1996); ‟Semilinear integrodifferential equations with nonlocal Cauchy problem”, 1023–1033. 
[6]. B.H. Machindra, H.L. Tidke, (2011); ‟Existence and uniqueness of solutions of nonlinear mixed integrodifferential equations 

With nonlocal condition in Banach spaces”, pp.  1-10. 
[7]. H.L. Tidke, M.B. Dhakne, (2010); ‟Existence and uniqueness of mild and strong solutions of nonlinear volterra 

integrodifferential Equations in Banach spaces”, Vol XL111, No 3. 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 


