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ABSTRACT 

 

Quantum mechanics is a part of quantum theory. The latter was initiated in 1900, when Max Planck announced the concept 

of a quantum which brought a revolution. This year and this decisive event is referred to as the dividing point between the 

classical physics and modern or quantum physics. The new period of physics was caused by many new basic discoveries: 

X-ray, the electron, radioactivity etc. Quantum mechanics, based upon the consideration of the space L
2
 (−∞,∞), where 

elements are called states and self-adjoint operators called observables, provided much inputs to study the operators, 

particularly the self adjoint operator and non-self adjoint operators over Hilbert spaces. H. Weyl [40], in 1909, observed 

that for a self-adjoint operator in a Hilbert space, perturbation by self-adjoint compact operator leaves an 'essential' part of 

the spectrum invariant. Precisely that part of the spectrum which contains the limit points of spectrum and the points of 

infinite-multiplicity.  

 

This part of the spectrum, later on was termed after H. Weyl, as Weyl spectrum and this observation became a classical 

version of Weyl's theorem. Thus, classically speaking, for a bounded self adjoint operator, the complement in the spectrum 

of this part of self-adjoint operators coincide with the isolated points of the spectrum which are the eigen-values of finite 

multiplicity and in the present form we say that a bounded linear operator is said to satisfy Weyl's theorem, if the 

complement of the Weyl's spectrum in the spectrum equals the set of isolated eigenvalues of finite multiplicity.  

 

Ever since its formulation, for its large number of applications to physics, the problem of identifying operators satisfying 

Weyl's theorem has been a subject of research for a host of mathematicians throughout the world. Notable contributions, 

among others are from, L.A. Coburn [6], S.K. Berberian [2,3,4], V. Istrttescu [23], Karl Gustafson [14], K.K. Oberai [29, 

30], S.C. Arora [1], W.Y. Lee and S.H. Lee [25, 26, 27, 28], D.R. Farenick [11], Youngoh Yang [41, 42, 43, 44].  

In this introduction, We set and present notations, terminology to be used and a brief summary. 

 

Unless stated otherwise H will denote an infinite dimensional Hilbert space and C, the space of complex-numbers. | 𝑥 |, 
denotes the norm of the vector x. By a subspace of H, we mean a closed linear manifold of H. If M is a subspace of H, 𝑀⊥  

denotes the orthogonal complement of M in H. By an operator T on H, we shall mean a bounded linear transformation of H 

into H. We write B(H) for the algebra of operators on H. For T in B(H), T* denotes the adjoint of T. R(T) (Ran T) stands 

fbr the range space and N(T) (KerT, T
-1

(0) for the null space of T. A subspace M is said to be invariant under T if 

T(M)⊑M. If both M and 𝑀⊥  are invariant under T, we say that M reduces T. If 𝑀⊥  is invariant under T, 𝑇|𝑀  denotes the 

restriction of T to M. If S and T are operators on the Hilbert spaces H and K respectively, then the operator S ⨁ T is an 

operator on H ⨁ K, defined by  

(𝑆⨁𝑇) (𝑥, 𝑦)  =  (𝑆𝑥, 𝑇𝑦). 
We now proceed to give various definitions pertaining to the spectrum and its parts. The spectrum 𝝈 (T) of an 

operator T is defined as  

𝜎 (𝑇)  =  {𝜆 ∈ 𝐶 ∶  𝑇 − 𝜆𝐼 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑖𝑛 𝐵(𝐻)}. 
Theresolvent set 𝝆(T) of an operator T is defined as  
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A scalar 𝜆 is called an eigenvalue of T if there exists a nonzero vector x such that (T- 𝜆𝐼) x=0. The set of all eigenvalues of 

T, denoted by 𝜋0(T), is called the point spectrum of T. The null space N(T- 𝜆𝐼) of T- 𝜆I is called the eigenspace 

corresponding to the scaler𝜆 and dimension of N(T- 𝜆I) is called the multiplicity of the eigenvalue 𝜆. 𝜋0𝑓(T) denotes the 

set of those eigenvalues which are of finite multiplicity,𝜋0𝑖  (T) denotes the set of eigenvalues of infinite multiplicity. 

𝜋00(T) denotes the isolatedpoint spectrum of T, that is, the set of all isolated eigenvalues of a(T) which are of finite 

multiplicity, and iso𝝈(T) denotes the set of all isolated points of 𝜎(T). Also, acc𝝈-(T) denotes the set of all accumulation 

points of 𝜎(T).  

An operator Ton H is said to be compact if it maps every bounded set onto relatively compact sets. Equivalently, 

the image of every bounded sequence contains a convergent subsequence. K(H) denotes the ideal of all compact operators 

on H. The quotient algebra
𝑩(𝑯)

𝑲(𝑯)
  which is a Banach algebra is known as the calking algebra. Let 𝑇 = 𝑇 + 𝐵(𝐻) denote the 

canonical image of T in the calkin algebra. Then the spectrum 𝜎(𝑇 ) of 𝑇  as an element of calkin algebra is called the calkin 

or the essential-spectra of T and is denoted by 𝜎𝑒(𝑇). An operator T is called Fredholm operator if  

(i) R(T) is closed, and  

(ii) N(T) and N(T) are finite dimensional.  

The index i(T) of a Fredholm operator T is defined as  

𝑖(𝑇)  =  𝑑𝑖𝑚 𝑁(𝑇)  −  𝑑𝑖𝑚 𝑁(𝑇 ∗) 

where dim M is the dimension of the subspace M. The Atkinson theorem [15, Problem 142] gives an elegant 

characterization of 𝜎𝑒(𝑇)  as  

 
 

Therefore, 

 
 

lebesgue measure is zero. Also, an operator T in B(H) is said to be offinite rank if R(T) is finite dimensional. An operator 

T in B(H) is said to have finite ascent if there exists some non negative integer m such that  

 

𝑁(𝑇𝑚 )  =  𝑁(𝑇𝑚+1). 
The smallest non negative integer m satisfying this condition is called the  ascent of T. An operator T in B(H) is said to 

have finite descent if  there exists some non negativeinteger m such that  

𝑅 𝑇𝑚  ⊥  =  𝑅 𝑇𝑚+1 ⊥ . 
 The smallest non negative integer m satisfying this condition is called the descent of T.  
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An operator T in B(H) is called self-adjoint if T=T*, normal if TT* = T*T, essentially normal if T*T - TT* is compact, 

unitary if TT*=T*T=I, isometry if T*T=I and coisometry if TT*=I.  

 

We now proceed to define various classes of non-normal operators. An operator T is called hyponormal if its self 

commutator [T*T] = T*T-TT* is positive, M-hyponormal if there exists M>0 such that  
|| (𝑇 − 𝑍) 𝑥 | ≤  𝑀    𝑇 − 𝑍 𝑥 |, for all x in H and for all Z in  analytic quasihyponormal if there exists a function f 

analytic on a neighbourhood of 𝜎(T) such that f(T)* (T*T-TT*) f(T)>0, seminormalif either T or T* is hyponormal, 

algebraically-hyponormal if there exist a nonconstant polynomial p such that p(T) is hyponormal. An operator T in B(H) 

is said to be of class W if essential-spectrum of T equals the Weyl spectrum of T, that means, 𝜎𝑒(𝑇)  =  𝜔 (𝑇). T is said to 

satisfy Growth condition (G1) if  

 

 
 

 

 
The three problems regarding Weyl’s raised by K.K. Oberoi [30] in the year 1977 are discussed in the following three 

sections.  
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The first problem raised by K.K. Oberoi was the following:- 

 

 

 
operator commuting with T, then does Weyl's theorem hold for T+F?  

 

The answer which comprises of section 2.3 given by W.Y. Lee and S.H. Lee [28] in the year 1996, presents an example of 

an operator T in B(H) and a finite rank operator F in B(H), commuting with T, such that Weyl's theorem holds for T, but it 

does not hold for T+F and thus answers the problem in negative.  

 

 In the year 1977, Kirti K. Oberai [30] raised the following three problems: 

Problem 1: Let T in B(H
2
) be Toeplitz. Then, does Weyl's theorem hold for T

2
?  

Problem 2 : Let T in B(H
2
) be Hyponormal. Then, does Weyl's theorem hold for T

2
?  
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Problem 3 : Let T be in B(H). If Weyl's theorem holds for T and F is a finite rank operator commuting with 

T, then does Weyl's theorem hold for T+F?  

In this work, our aim is to discuss the solutions of the above mentioned problems obtained during these years. Accordingly, 

this chapter has been divided into three sections, discussing each problem in the respective section.  

 

Section 1 :Toeplitz Operators  

The first problem raised by K.K. Oberai [30] as mentioned is the following :-Let T in B(H
2
) be Toeplitz. Then, does Weyl's 

theorem hold for T
2
?  

 

Recently, D.R. Farenick and W.Y. Lee [11] in 1996, answered this question negatively by giving an example of a Toeplitz 

operator whose square does not satisfy Weyl's theorem. Without mentioning, it may be understood that, in this section our 

space is H2 and the functions are defined on unit circle. To get the needful accompalished, we begin with the following : 

 

Lemma 1 [11]: Let 𝜙 be continous and 𝑇𝜙  be Toeplitz operator induced by 𝜙. Also let f be an analytic fucntion defined on 

some open set containing  

𝜎(𝑇𝜙 ). Then  

 
𝑇𝑓0𝜙  —  𝑓 (𝑇𝜙 ) 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 
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