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 1. Introduction 

 
Consider the Bessel equation of the form 

x2y′′ + xy′ +  x2 − p2 y = 0                                                                  … (1.1.1) 

The general solution of (1.1.1) is y = AJp x + BJ−p x  , where A and B are arbitrary constants, and 

Jp x =  
 −1 r

r! Γ p + r + 1 

∞

r=0

 
x

2
 

p+2r

     , and   J−p x =  
 −1 r

r! Γ −p + r + 1 

∞

r=0

 
x

2
 

−p+2r

 

Where p is nonnegative constant. 

Many facts about integral representation of Bessel function can be proved by using its generating function 

e
x
2
 z−z−1 =  zp

∞

p=−∞

Jp                                                                              … (1.1.2) 

 One of such integral form is given by 

Jp x =
1

π
 cos x sin θ − pθ 

π

0

dθ                                                        … (1.1.3) 

Since Equation (1.1.2) is the general form of Laurent expansion where cn(x) = Jp x  and f z = e
x

2
 z−z−1 

 , we can write 

the general integral representation of Bessel function 

Jp x =
1

2πi
 

e
x
2
 z−z−1 

zp+1

C

dz,          where C is a simple closed curve. 

Let z = eiθ , and θ ∈  0,2π , then 

Jp x =
1

2π
 eix sin θ−ipθ

2π

0

dθ =
1

π
 cos x sin θ − pθ 

π

0

dθ      … (1.1.4) 

Where p is any real value. Hence for p = 0 we obtain 

J0 x =
1

π
 cos x sin θ 

π

0

dθ                                                               … (1.1.5) 

Throughout this paper the following definitions and notation of nonstandard analysis will be needed  

Every set or elements defined in a classical mathematics are standard. 

      A real number x is called unlimited if  x > 𝑟 for all r > 0, by Ω we mean the set of unlimited real numbers. 

      A real number x is called infinitesimal if  x < 𝑟 for all positive standard real number r, by ⊚ we mean the set of 
infinitesimals. 
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Two real numbers x and y are said to be infinitely near if x − y is infinitesimal and is denoted by x ≃ y. 

If x is a limited real number, then the set of all numbers which are infinitely near to x, is called the monad of x and 
denoted by mon(x). 

If x is a real number x, then the set of all numbers y such that x − y is limited is called the galaxy of x, and denoted by 
gal(x). 

 

2. Main Results 

 
Lemma 2.1: Let I=[a,b], then the integral of the Bessel function on I for p=0 is given by 

 J0 x 

b

a

dx =
4

π
 

sin  
b − a

2
t cos  

b + a
2

t 

t 1 − t2

1

0

dt 

Proof: 

Since by integrating Equation (1.1.3) on I=[a,b] and p=0, we get 

 J0 x 

b

a

dx =
1

π
  cos x sin θ 

b

a

π

0

dxdθ =
2

π
 

sin b sin θ − sin a sin θ 

sin θ

π
2

0

dθ     … (2.1.1) 

Put t = sin θ then Equation (2.1.1) becomes: 

 J0 x 

b

a

dx =
2

π
 

sin bt − sin at 

t 1 − t2

1

0

dt                                                                           …  (2.2.2) 

Thus by using trigonometric law:  sin b − sin a = 2 sin  
b−a

2
 cos  

b+a

2
  

We conclude the required result, hence 

 J0 x 

b

a

dx =
4

π
 

sin  
b − a

2
t cos  

b + a
2

t 

t 1 − t2

1

0

dt 

In the following, by using the previous lemma, some nonstandard results are proved for different nonstandard values of 
p, θ and x. 

Lemma 2.2: Let p ∈ mon 0 .Then  

 Jδ

b

a

 x ≃  J0

b

a

 x  

Proof: 

Let p ∈ mon 0 , thenp ≃ δ ≃ 0 ,cos pθ = cos δθ ≃ 1  and sin pθ = sin δθ ≃ 0.Therefore  

cos x sin θ − pθ = cos x sin θ − δθ ≃ cos x sin θ  

Thus 

Jδ x =
1

π
 cos x sin θ − δθ 

π

0

dθ ≃
1

π
 cos x sin θ 

π

0

dθ = J0 x  

Then the integration is well defined and 

 Jδ

b

a

 x ≃  J0

b

a

 x  

 

Theorem 2.3: For θ = π − δ where δ ≃ 0 then 

 

Jp x ≃
2sin  

x + p
2

π cos  
x − p

2
π 

π x + p 
                                                                … (2.3.1) 
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Moreover 

Jp x ≃

 
 
 

 
 

cos pπ                    x ∈ mon −p 

sin pπ

pπ
                x ∈ mon p 

1                       x, p ∈ mon 0 

  

Proof: 

For θ = π − δ where δ ≃ 0 we have 

sin π − δ ≃ sin δ ≃ δand dθ = −dδ, then by using Equation (1.1.3) we get 

      Jp x ≃
1

π
 cos x sin δ − p π − δ  

π

0

dδ ≃
1

π
 cos  x + p δ − pπ 

π

0

dδ 

≃  
sin  x + p δ − pπ 

π x + p 
 

0

π

=
sin xπ + sin pπ

π x + p 
=

2sin  
x + p

2
π cos  

x − p
2

π 

π x + p 
 

Thus  

Jp x ≃
2sin  

x + p
2

π cos  
x − p

2
π 

π x + p 
 

Now, 

i- For x ∈ mon −p  let =
x+p

2
π, then y ≃ 0 and x =

2

π
y − p. Therefore 

Jp x ≃

sin y cos  

2
π

y − 2p

2
π 

y
≃ cos pπ 

ii-For x ∈ mon p  we have 
x+p

2
π ≃

2x

2
π ≃

2p

2
π , and

x−p

2
π ≃ 0, then cos  

x−p

2
π ≃ 1. Therefore 

Jp x ≃
sin pπ

pπ
 

iii- For x, p ∈ mon 0  and from case (ii) we get that 

Jp x ≃
sin xπ

xπ
≃ 1 

Theorem 2.4: Let I=[a,b], and θ ≃ 0 then the integral of Jp x  on I is given as follows 

 Jp x 
b

a

dx ≃  J0 x 
b

a

dx + p  
sin aπ

aπ
−

sin bπ

bπ
  

Proof:  

Let θ ≃ 0then cos pδ ≃ 1 and sin pδ ≃ pδ, therefore by using Equation (1.1.3) we get  

Jp x =
1

π
 cos x sin δ − pδ 

π

0

dδ ≃
1

π
 (cos x sin δ 

π

0

+ δp sin xδ)dδ 

Jp x ≃
1

π
 cos x sin δ 

π

0

dδ +
p

π
 δ

π

0

sin xδ dδ = J0 x +
p

π
 δ

π

0

sin xδ dδ 

Thus for x ∈ I, we get 

 Jp x 
b

a

dx ≃  J0 x 
b

a

dx +
p

π
  δ

b

a

sin xδ dxdδ
π

0

≃  J0 x 
b

a

dx +
p

π
  − cos xδ a

b dδ
π

0

≃  J0 x 
b

a

dx +
p

π
  cos aδ − cos bδ dδ

π

0

≃  J0 x 
b

a

dx +
p

π
 
sin aδ

a
−

sin bδ

b
 

0

π

≃  J0 x 
b

a

dx + p  
sin aπ

aπ
−

sin bπ

bπ
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 Jp x 
b

a

dx ≃  J0 x 
b

a

dx + p  
sin aπ

aπ
−

sin bπ

bπ
  

 

Lemma 2.5: Let I=[0,1], then 

J0 x =
2

π
 

cos xt

 1 − t2

1

0

dt 

Proof: 

Let t = sin θ .Then   

2

π
 

cos xt

 1 − t2

1

0

dt =
2

π
 

cos(x sin θ)

 1 − sin2θ

π
2

0

cos θ dθ =
2

π
 

cos(x sin θ)

cos θ

π
2

0

cos θ dθ 

=
1

π
 cos(x sin θ)

π

0

dθ = J0 x  

Through the following theorems we give an infinitesimal analytical continuation of Bessel function, for any real value p. 

 

Theorem 2.6: If x ≃ b such that a ≤ x ≤ b + δ where δ ≃ 0, then 

 Jp x 
b+δ

a

dx ≃  J0 x 
b

a

dx + δJ0 b + p  
sin aπ

aπ
−

sin bπ

(b + δ)π
 −

pδ cos bπ

b + δ
 

Proof: 

Since x ≃ b such that a ≤ x ≤ b + δ where δ ≃ 0 then by using Theorem (2.5) we get 

 Jp x 
b+δ

a

dx ≃  J0 x 
b+δ

a

dx + p  
sin aπ

aπ
−

sin(b + δ)π

(b + δ)π
  

Now by using Equation (2.1.2) we obtain  

 Jp x 
b+δ

a

dx ≃
2

π
 

sin  b + δ t − sin at 

t 1 − t2

1

0

dt + p  
sin aπ

aπ
−

sin b + δ π

 b + δ π
  

≃
2

π
 

sin bt cos δt + sin δt cos bt − sin at 

t 1 − t2

1

0

dt +
p sin aπ

aπ
−

p

 b + δ π
 sin bπ cos δπ + sin δπ cos bπ  

Forδ ≃ 0 we have cos δt ≃ 1 , sin δt ≃ δt , cos δπ ≃ 1 and sin δπ ≃ δπ, therefore 

 Jp x 
b+δ

a

dx ≃
2

π
 

sin bt − sin at 

t 1 − t2

1

0

dt +
2δ

π
 

cos bt

 1 − t2

1

0

dt +
p sin aπ

aπ
 

−
p sin bπ

 b + δ π
−

pδ cos bπ

 b + δ 
 

Now using Lemma (2.5) and Equation (2.1.2) we get 

 Jp x 
b+δ

a

dx ≃  J0 x 
b

a

dx + δJ0 b + p  
sin aπ

aπ
−

sin bπ

(b + δ)π
 −

pδ cos bπ

b + δ
 

 

Theorem 2.7:If x ≃ a such that a − δ ≤ x ≤ b where δ ≃ 0 then 

 Jp x 
b

a−δ

dx ≃  J0 x 
b

a

dx + δJ0 a + p  
sin bπ

bπ
−

sin aπ

(a − δ)π
 −

pδ cos aπ

a − δ
 

 

Proof: 

Since x ≃ a such that a − δ ≤ x ≤ b where δ ≃ 0 then by using Theorem (2.5) we get 
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 Jp x 
b

a−δ

dx ≃  J0 x 
b

a−δ

dx + p  
sin(a − δ)π

(a − δ)π
−

sin bπ

bπ
  

 

Now by using Equation (2.1.2) we get 

 Jp x 
b

a−δ

dx ≃
2

π
 

sin bt − sin (a − δ)t 

t 1 − t2

1

0

dt + p  
sin(a − δ)π

(a − δ)π
−

sin bπ

bπ
 

≃
2

π
 

sin bt − sin at cos δt + cos at sin δt

t 1 − t2

1

0

dt + p  
sin aπ cos δπ − cos aπ sin δπ

(a − δ)π
−

sin bπ

bπ
  

Since δ ≃ 0, then cos δt ≃ 1 , sin δt ≃ δt , cos δπ ≃ 1 and sin δπ ≃ δπ. 

Hence 

 Jp x 
b

a−δ

dx ≃
2

π
 

sin bt − sin at

t 1 − t2

1

0

dt +
2δ

π
 

cos at

 1 − t2

1

0

dt +
p sin bπ

bπ
−

p sin aπ

 a − δ π
−

pδ cos aπ

 a − δ 
 

Now using Lemma (2.5) and Equation (2.1.2) we get 

 Jp x 
b

a−δ

dx ≃  J0 x 
b

a

dx + δJ0 a + p  
sin bπ

bπ
−

sin aπ

(a − δ)π
 −

pδ cos aπ

a − δ
 

 

Proposition 2.8: Let x be a real variable. Then 

sin x

x
− cos x =  

πx

2
J3
2

 x  

Proof: 

Since    J1

2

 x =  
2

πx
sin x   ,   J−1

2

 x =  
2

πx
cos x, 

and      Jn+1 x =
2n

x
Jn x − Jn−1 x  

Thus, if   n =
1

2
 we haveJ3

2

 x =
1

x
J1

2

 x − J−1

2

 x =  
πx

2
 

sin x

x
− cos x  

Hence  
sin x

x
− cos x =  

πx

2
J3
2

 x  

 

Theorem 2.9: For a − δ ≤ x ≤ a where δ ≃ 0, then 

 Jp

a

a−δ

 x dx ≃ δJ0 a +
pδπ

a − δ
 

a

2
J3
2

 aπ  

Proof: 

Sincea − δ ≤ x ≤ a where δ ≃ 0 then by using Theorem (2.5) we get 

 Jp x 
a

a−δ

dx ≃  J0 x 
a

a−δ

dx + p  
sin(a − δ)π

(a − δ)π
−

sin aπ

aπ
  

Now, using Equation (2.1.2) we obtain 

 Jp x 
a

a−δ

dx ≃
2

π
 

sin at − sin (a − δ)t 

t 1 − t2

1

0

dt + p  
sin(a − δ)π

(a − δ)π
−

sin aπ

aπ
 

≃
2

π
 

sin at − sin at cos δt + cos at sin δt

t 1 − t2

1

0

dt + p  
sin aπ cos δπ − cos aπ sin δπ

(a − δ)π
−

sin aπ

aπ
  

Thus, for  δ ≃ 0, we have 
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 Jp x 
a

a−δ

dx ≃
2δ

π
 

cos at

 1 − t2

1

0

dt +
p sin aπ

 a − δ π
−

pδ cos aπ

a − δ
−

p

aπ
sin aπ 

                         ≃ δJ0 a +
pδ sin aπ

πa a − δ 
−

pδ cos aπ

a − δ
≃ δJ0 a +

pδ

a − δ
 

sin aπ

aπ
− cos aπ  

Using Proposition (2.8) we get 

 Jp

a

a−δ

 x dx ≃ δJ0 a +
pδπ

a − δ
 

a

2
J3

2

 aπ  

 

Theorem 2.10: For b ≤ x ≤ b + δ where δ ≃ 0, then 

 Jp

b+δ

b

 x dx ≃ δJ0 b +
pδπ

b + δ
 

b

2
J3
2

 bπ  

Proof: 

Since b ≤ x ≤ b + δ where δ ≃ 0 then by using Theorem (2.5) we get 

 Jp x 
b+δ

b

dx ≃  J0 x 
b+δ

b

dx + p  
sin bπ

bπ
−

sin b + δ π

 b + δ π
  

Now, using Equation (2.1.2) we get 

 Jp x 
b+δ

b

dx ≃
2

π
 

sin b + δ t − sin bt

t 1 − t2

1

0

dt + p  
sin bπ

bπ
−

sin b + δ π

 b + δ π
  

≃
2

π
 

sin bt cos δt + cos bt sin δt − sin bt

t 1 − t2

1

0

dt + p  
sin bπ

bπ
−

sin bπ cos δπ + cos bπ sin δπ

(b + δ)π
  

Thus for δ ≃ 0 we have 

 Jp x 
b+δ

b

dx ≃
2δ

π
 

cos bt

 1 − t2

1

0

dt +
p sin bπ

bπ
−

pδ sin bπ

 b + δ π
−

pδ

b + δ
cos bπ 

           ≃ δJ0 b +
pδ sin bπ

πb b + δ 
−

pδ cos bπ

b + δ
≃ δJ0 a +

pδ

b + δ
 

sin bπ

bπ
− cos bπ  

Therefore by using Proposition (2.8) we get 

 Jp

b+δ

b

 x dx ≃ δJ0 b +
pδπ

b + δ
 

b

2
J3
2

 bπ  

 

Theorem 2.11: If a ≃ x ≃ b such that a − δ ≤ x ≤ b + δ where δ ≃ 0, then 

 Jp

b+δ

a−δ

 x dx ≃  J0

b

a

 x dx + δ J0 a + J0 b  +
p sin aπ

π a − δ 
−

p sin bπ

π b + δ 
−

pδ cos aπ

a − δ
−

pδ cos bπ

b + δ
 

Proof: 

Since a ≃ x ≃ b such that a − δ ≤ x ≤ b + δ where δ ≃ 0 then by using Theorems (2.5), (2.9) and (2.10) respectively 
we get 

 Jp

b+δ

a−δ

 x dx ≃  Jp

a

a−δ

 x dx +  Jp

b

a

 x dx +  Jp

b+δ

b

 x dx 

≃ δJ0 a +
pδπ

a − δ
 

a

2
J3

2

 aπ +  J0 x 
b

a

dx + p  
sin aπ

aπ
−

sin bπ

bπ
 + δJ0 b +

pδπ

b + δ
 

b

2
J3
2

 bπ  

Now using Proposition (2.8) we get 
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 Jp

b+δ

a−δ

 x dx ≃  J0 x 
b

a

dx + δ J0 a + J0 b   

               +p  
sin aπ

aπ
−

sin bπ

bπ
 +

pδ

b + δ
 

sin bπ

bπ
− cos bπ +

pδ

a − δ
 

sin aπ

aπ
− cos aπ  

Therefore  

 Jp

b+δ

a−δ

 x dx ≃  J0 x 
b

a

dx + δ J0 a + J0 b   

                         +
p

aπ
 

δ

a − δ
+ 1 sin aπ +

p

bπ
 

δ

b + δ
− 1 sin bπ −

pδ

a − δ
cos aπ −

pδ

b + δ
cos bπ 

Thus  

 Jp

b+δ

a−δ

 x dx ≃  J0

b

a

 x dx + δ J0 a + J0 b   

                       +
p sin aπ

π a − δ 
−

p sin bπ

π b + δ 
−

pδ cos aπ

a − δ
−

pδ cos bπ

b + δ
 

 

Theorem 2.12: If a , b are unlimited such that a ≃ b + δ, for δ ∈ mon 0 , then 

 Jp

b

a

 x dx =  Jp

ω+δ

ω

 x dx ≃ δJ0  ω +
δ

2
 +

pδπ

 ω + δ 
 

ω

2
J3
2

 ωπ  

For a = ω is unlimited and δ ∈ mon 0 . 

Proof: 

Since a , b are unlimited such that a ∈ mon b  where a = ω and b = ω + δ for ω is unlimited and δ ∈ mon 0  then 
b − a = δ ≃ 0, and by using Lemma (2.1) and Theorem (2.5), we get 

 Jp

ω+δ

ω

 x dx ≃
4

π
 

sin  
ω + δ − ω

2
t cos  

ω + δ + ω
2

t 

t 1 − t2

1

0

dt +
p sin πω

πω
−

p sin ω + δ π

π ω + δ 
 

Since δ ∈ mon 0 , then sin
δ

2
t ≃

δ

2
t , cos δπ ≃ 1 and sin δπ ≃ δπ, so 

sin ω + δ π = sin πω + δπ cos ωπ 

Therefore  

 Jp

ω+δ

ω

 x dx ≃
2δ

π
 

cos   ω +
δ
2
 t 

 1 − t2

1

0

dt +
p sin ωπ

ωπ
−

p sin πω + δπ cos ωπ 

π ω + δ 
 

          ≃ δJ0  ω +
δ

2
 +

p

π
 

1

ω
−

1

ω + δ
 sin ωπ −

pδ

ω + δ
cos ωπ 

                                         ≃ δJ0  ω +
δ

2
 +

pδ

ω + δ
 

sin ωπ

ωπ
− cos ωπ  

Using Proposition (2.8) we get 

 Jp

ω+δ

ω

 x dx ≃ δJ0  ω +
δ

2
 +

pδπ

 ω + δ 
 

ω

2
J3
2

 ωπ  

 

Theorem 2.13: If a , b are unlimited such that a ∈ gal b , then 

  Jp

a+r

a

 x dx ≤ r +
p

π
 δ + ε ,      for ε , δ ∈ mon 0  and r, p are limited. 

 

Proof: 

Since a , b are unlimited such that 𝑎 ∈ 𝑔𝑎𝑙 𝑏 , then by using Theorem (2.5) we get 
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 𝐽𝑝 𝑥 
𝑎+𝑟

𝑎

𝑑𝑥 ≃  𝐽0 𝑥 
𝑎+𝑟

𝑎

𝑑𝑥 + 𝑝  
𝑠𝑖𝑛 𝑎𝜋

𝑎𝜋
−

𝑠𝑖𝑛(𝑎 + 𝑟)𝜋

(𝑎 + 𝑟)𝜋
  

Thus  

  𝐽𝑝 𝑥 
𝑎+𝑟

𝑎

𝑑𝑥 ≤   𝐽0 𝑥 
𝑎+𝑟

𝑎

𝑑𝑥 +
𝑝

𝑎𝜋
 𝑠𝑖𝑛 𝑎𝜋 +

𝑝

𝜋 𝑎 + 𝑟 
 𝑠𝑖𝑛 𝑎 + 𝑟 𝜋  

Since  𝑠𝑖𝑛 𝑥 ≤ 1, then 

  𝐽𝑝 𝑥 
𝑎+𝑟

𝑎

𝑑𝑥 ≤   𝐽0 𝑥  
𝑎+𝑟

𝑎

𝑑𝑥 +
𝑝

𝑎𝜋
+

𝑝

𝜋 𝑎 + 𝑟 
 

Since  𝐽0 𝑥  ≤ 1, then  

  𝐽0 𝑥  
𝑎+𝑟

𝑎

𝑑𝑥 ≤  𝑑𝑥
𝑎+𝑟

𝑎

= 𝑟 

Now for unlimited a, we have so  
1

𝑎
≃ 𝛿 and 

1

𝑎+𝑟
≃ 휀 where 휀 , 𝛿 ∈ 𝑚𝑜𝑛 0  then 

  𝐽𝑝

𝑎+𝑟

𝑎

 𝑥 𝑑𝑥 ≤ 𝑟 +
𝑝

𝜋
 𝛿 + 휀  

 

Theorem 2.14: If a , b are unlimited such that 𝑎 = 𝜔 , 𝑏 = 2𝜔 where 𝜔 is unlimited then 

 𝐽𝑝

2𝜔

𝜔

 𝑥 𝑑𝑥 ≤  𝐽0

2𝜔

𝜔

 𝑥 𝑑𝑥 + 2𝑝𝛿 

For 𝛿 ∈ 𝑚𝑜𝑛 0  and p is any real value.  

Proof: 

Since by applying Theorem (2.5) for the assumed values a and b, we get 

 𝐽𝑝 𝑥 
2𝜔

𝜔

𝑑𝑥 ≃  𝐽0 𝑥 
2𝜔

𝜔

𝑑𝑥 + 𝑝  
𝑠𝑖𝑛 𝜔𝜋

𝜔𝜋
−

𝑠𝑖𝑛 2𝜔𝜋

2𝜔𝜋
 ≃  𝐽0 𝑥 

2𝜔

𝜔

𝑑𝑥 +
𝑝

𝜔𝜋
𝑠𝑖𝑛 𝜔𝜋 −

𝑝

𝜔𝜋
𝑠𝑖𝑛 ω𝜋 𝑐𝑜𝑠 𝜔𝜋

≃  𝐽0 𝑥 
2𝜔

𝜔

𝑑𝑥 + 2𝑝𝑠𝑖𝑛2𝜔𝜋

2
∙
𝑠𝑖𝑛 𝜔𝜋

𝜔𝜋
 

Since 𝜔 is unlimited then 
𝑠𝑖𝑛 𝜔𝜋

𝜔𝜋
= 𝛿 ≃ 0 and 𝑠𝑖𝑛2𝜔𝜋

2
≤ 1 then 

 𝐽𝑝

2𝜔

𝜔

 𝑥 𝑑𝑥 ≤  𝐽0

2𝜔

𝜔

 𝑥 𝑑𝑥 + 2𝑝𝛿 

 

Theorem 2.15: Let I=[a,b]. Then the integral of Bessel function for p=0, on I is given by the series expansion 

 𝐽0

𝑏

𝑎

 𝑥 𝑑𝑥 =  
 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 22𝑘 𝑘! 2

𝜔

𝑘=0

,  

where 𝜔 is unlimited. 

 

Proof:  

By expanding 𝑠𝑖𝑛 𝑥 in Equation (2.1.2) using Taylor series up to unlimited 𝑛 = 𝜔, we get  

 𝐽0 𝑥 

𝑏

𝑎

𝑑𝑥 =
2

𝜋
 

𝑠𝑖𝑛 𝑏𝑡 − 𝑠𝑖𝑛 𝑎𝑡 

𝑡 1 − 𝑡2

1

0

𝑑𝑡 =
2

𝜋
 

 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 !

𝜔

𝑘=0

 
𝑡2𝑘𝑑𝑡

 1 − 𝑡2

1

0

 

 

                                      =
2

𝜋
 

 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 !

𝜔

𝑘=0

  𝑡2 𝑘
1

0

 1 − 𝑡2 
−1
2 𝑑𝑡 
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Let 𝑢 = 𝑡2 then 𝑑𝑡 =
𝑑𝑢

2 𝑢
. Therefore 

 𝐽0 𝑥 

𝑏

𝑎

𝑑𝑥 =
1

𝜋
 

 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 !

𝜔

𝑘=0

  𝑢 𝑘+
1
2
−1

1

0

 1 − 𝑢 
1
2
−1𝑑𝑡 

and 

 𝐽0 𝑥 

𝑏

𝑎

𝑑𝑥 =
1

𝜋
 

 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 !

𝜔

𝑘=0

∙
𝛤  𝑘 +

1
2
 𝛤  

1
2
 

𝛤 𝑘 + 1 
 

Since  

𝛤  𝑘 +
1

2
 =

 2𝑘 !  𝜋

22𝑘𝑘!
,     𝛤  

1

2
 =  𝜋      ,   𝛤 𝑘 + 1 = 𝑘!  

Then 

 𝐽0 𝑥 

𝑏

𝑎

𝑑𝑥 =
1

𝜋
 

 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 (2𝑘)!

𝜔

𝑘=0

∙
𝜋 2𝑘 !

(𝑘!)222𝑘
=  

 −1 𝑘 𝑏2𝑘+1 − 𝑎2𝑘+1 

 2𝑘 + 1 22𝑘 𝑘! 2

𝜔

𝑘=0

 

where 𝜔 is unlimited. 

 

Theorem 2.16: Let I=[a,b]. If 𝑎 ≃ 𝑏, then 

1)  𝐽0

𝑏

𝑎

 𝑥 𝑑𝑥 ≃ 𝛿𝐽0 𝑎                          2)  𝐽0

𝑏

𝑎

 𝑥 𝑑𝑥 ≃
2

𝜋
𝛿    ,    𝛿 ≃ 0 

Proof: 

1) Since 𝑎 ≃ 𝑏 then 2𝑎 ≃ 𝑏 + 𝑎, and 𝑠𝑖𝑛
𝛿𝑡

2
≃

𝛿𝑡

2
 then by using Lemma (2.1) we get 

 𝐽0 𝑥 

𝑏

𝑎

𝑑𝑥 =
4

𝜋
 

𝑠𝑖𝑛  
𝑏 − 𝑎

2
𝑡 𝑐𝑜𝑠  

𝑏 + 𝑎
2

𝑡 

𝑡 1 − 𝑡2

1

0

𝑑𝑡 ≃
2δ

π
 

cos at

 1 − t2

1

0

dt = δJ0 a  

2) since a ≃ b then at ≃ bt where 0 < 𝑡 < 1 and sin at ≃ sin bt then 

sin at

t 1 − t2
≃

sin bt

t 1 − t2
and

sin at

t 1 − t2
−

sin bt

t 1 − t2
≃ δ ≃ 0 

Thus  

2

π
 

sin at − sin bt

t 1 − t2

1

0

dt ≃
2

π
δ 

So by using Equation (2.1.2) we get 

 J0

b

a

 x dx ≃
2

π
δ. 
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