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ABSTRACT 

 

Aphids are among the most conspicuous and important insect pests in the green houses and the crops.  They 

excrete sugary fluid called saliva on the leaf which prevents further sucking and movement of the individual, 

and so causing death due to starvation.  In this paper, the population dynamics of aphids is discussed in limited 

ecological environment considering that the rapid increase in mortality rate of aphids is proportional to the area 

    t 

       n(s)ds 

    
o 

covered by saliva excreted by aphids where n(t) is the number of indviduals in the population at some timet. 
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INTRODUCTION 

 

Aphids (hemiptera : aphidiade) are small, soft-bodied and sap sucking insects that are most destructive insect pests 

affecting various field crops, fruits and vegitables
[1]

.  Aphids suck the cell saps from leaves and may stunt the plant 

growth
[2]

 and they play a significant role in transmitting many fungal and viral diseases in plants
[3, 4, 5]

.  Aphids colonies 

are characterised by rapid increases and declines in abundance
[6]

.  Aphids are easily driven to death when weather is not 

according to their survival. 

  

Several investigations have been made to study the population dynamics of aphids by using mathematical models
[7, 8, 9]

.  

In an experiment, it was found that in the species aphisfabae of the family aphidiade, the total number of individuals in 

the population rapidly increased in the begining, reaching its maximum on the 5
th

 day and rapidly decreased afterwards 

as a consequence of high mortality of aphids
[10]

.  The simplest model for population growth of a plant or animal species 

was given by
[11]

 as follows 

     

     n'    =    an , t > 0 

 

Where dash denotes differentiation with respect to t and where n(t) is the number of individuals in the population at 

some time t, and a > 0 is the specific growth rate of the population, that is, increase of birth rate over death rate.  On 

solving it we get a famous population growth equation (called Malthusian exponential growth equation) 

 

   n (t) = n(0) exp (at) 

 

Where n(0) is the number of individuals at initial stage.  This equation implies that population n approaches to infinity 

when t .  The space being finite, the population can not be infinite.  There is an upper limit of population due to 

various factors such as limitation of food resources, concentration of rate-limiting substrates in case of bacterial 

colonies, crowding (population density increase) etc.  Considering the limiting factors, the growth rate model was 

modified by
[12]

 as follows 

   n'   =   a n  -  b n
2
   ,   t  >  0 

 

Where b > 0 reflects the degree to which the growth rate a is reduced due to rate limiting factors. 

 

This equation gives an upper limit of the population.  The population n asymptotically approaches to a limiting value 

a/b (known as carrying capacity) for a > 0 as t  .  Srivastava, Shrivastava and Lal
[13]

 studied a mathematical model 
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for growth of bacterial population under toxic effects assuming that toxic substance produced by bacteria become 

limiting factor to their further growth by increasing rapidly mortality rate of organism.  In the present paper, we study a 

mathematical model of population growth of aphids which excrete sugary fluid called saliva.  The such saliva smeared 

over the surface of the leaf preventing further sucking and movement of the individual and so causing deaths due to 

starvation.  We have attributed rapid increase of mortality rate to the deterioration of the environment by excretion of 

saliva by aphids. 

 

Formulation of the Model and its Solution 

Let n(t) denote the total number of individuals at time t. 

Considering that coverage area by saliva excreted by aphids on the leaf at time t is proportional to the integral 
t
o n(t) dt 

following
[9]

 and assuming the linear dependence between this integral density and mortality rate, we have  
    t 

 n
'
 = a n - b n

2
 - k n n(t) dt  _____ (1) 

   
o 

where k is positive constant and where dash denotes differentiation with respect to t. 

This integro-differential equation can be solved for n(t) by specialized technique as follows 

   t 

 Let us put y (t) = n(t) dt 

   
o 

 

Then from ( 1 ) we get a second order differential as 

 y
"
 = a y

'
 - b (y')

2
 - k y y

'
 

Multiplying both sides by exp (by) and integrating it between o and t, we get 

 exp (by) y' - n(0) = exp (by)  [ a/b + k/b
2
 – (k/b) y] – [ a/b + k/b

2
 ] 

 

since y(o) = o and y'(o) = n(0) 

It gives 

     n (t) = y' = n(0) exp (-by) + [ a/b + k/b
2
 – (k/b) y ] – [ a/b + k/b

2
 ] exp(-by) 

 

  = [ a/b + k/b
2
 – (k/b) y ] – [ a/b + k/b

2
– n(0) ] exp(-by)____(2) 

 

  = f (y)  say 

 

Hence  y 

 t = dy/f(y) 

  
o
 

 

Equation (2) gives population at time t. 

 

RESULTS AND DISCUSSION 

 

We now analyze the behaviour of curve n (t) obtaining n
1
 and finding maximum value of n (t). 

From equation (2), We have 

 n (t) = f (y) 

 

 

On n
'
 = f

'
 (y) n 

 

  = { [n(0) –a/b ]  [ -b exp (-by) ] –k/b [ 1 - exp (-by) ] }   ___ (3) 

 

Hence it follows that 

 

(1) If n(0) >a/b then n
'
 is always negative and population steadly decreases to zero. 

 

(2) If n (0) < a/b then 

 

  dn  = dn  = -b [ n(0) –a/b ]>  o 

  dt     t=o                  dt      y=o   

 

So that population initially increases and reaches a maximum when dn/dt = o  

          

which gives from (3) 
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 y =  1/b  log   k + ab - n(0) b
2
 

 max    k 

 

Putting this value in (2) we get maximum population 

 

 n = a/b  - k/b
2
   log    k + ab - n(0) b

2       
<a/b 

   max    k    

 

  After this the population decreases and tends to zero.  Thus we conclude that in both the cases either 

n(0)> a/b or n(0)< a/b, the population tends to extinction. 

 

CONCLUSION 

 

In this paper, we have studied a mathematical model of aphids population considering the linear dependence between 

the area coverage by excretion of saliva by aphids and the mortality rate.  It was concluded that in each case either 

n(0)> a/b or n(0)< a/b, the population of aphids tends to extinction where n(0) is the initial population and a/b is the 

carrying capacity. 
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