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ABSTRACT 
 

In this paper, Author establish some fixed point theorems in the framework of Cone S- metric spaces using 

implicit relation. Author extend, unify and generalize several results from current existing literature. Especially, 

author extend the corresponding results of Sedghi and Dung. The present work is to encouraged by its possible 

application, especially in discrete models for numerical analysis, where iterative schemes are extensively 

used due to their versatility for computer simulation. These models play an important role in applied 

mathematics. “ 
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INTRODUCTION 

In 2012, Sedghi et al. introduced the concept of S-metric space which is different from other space and proved fixed 

point theorems in S-metric space. They also give some examples of S-metric space which shows that S-metric space is 

different from other spaces. In 2016, Rahman and Sarwar have discussed the fixed point results of Altman integral type 

mappings in S-metric spaces and in the same year Ozgur and Tas have studied new contractive conditions of integral 

type in complete S-metric spaces. Recently, Dhamodharan and Krishna kumar introduced the concept of Cone S-metric 

space and proved some fixed point theorems using various contractive conditions in the above said space”. 

Due to great importance of the fixed point theory, it is immensely interesting to study fixed point theorems on different 

concepts. Many authors studied the fixed points for mappings satisfying contractive condition in complete S-metric 

spaces. Popa, on the other hand, considered an implicit contraction type condition instead of the usual explicit 

condition. This direction of research produced a consistent literature on fixed point and common fixed point theorems in 

various ambient spaces. Motivated and inspired by Popa, Sedghi and Dung and others, this chapter is aimed to study 

and establish some fixed point theorems in setting of complete cone S-metric spaces under implicit contractive 

condition which is used. Following the current literature there is ample vicinity to explore and improve this new avenue 

of research area. Here, we prove an important result of cone S-metric space and then obtain some classical fixed point 

theorems as corollaries. For example, Banach’s contraction mapping principle, Kannan’s fixed point theorem, 

Chatterjae’s fixed point theorems, Reich fixed point theorem and Ciric’s fixed point theorem in this setting. Author 

results extend and generalize several results from the existing literature, especially, the results of Sedghi and Dung from 

complete S-metric spaces to the setting of complete cone S-metric spaces”. 

Definitions:  

1.1“Let X be a non-empty set. A metric on X is a real function 𝒹λ : X x X → R, which satisfies the following axioms:-  

(i) 𝒹λ(x, y) ≥ 0 for all x, y ϵ X, 

(ii) 𝒹λ(x, y) = 0,  if and only if x = y, 

(iii) 𝒹λ(x, y) = 𝒹λ(y , x)  for all x, y ϵ X,  

(iv) 𝒹λ(x, z) ≤ 𝒹λ(x, y) + 𝒹λ( y, z) for all x, y, z  ϵ X”. 

The ordered pair (X, 𝒹λ) is called a metric space and 𝒹λ(x, y) is called the distance between x and y. The elements of X 

are called its points. 
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1.2“Let X be a non-empty set. Suppose the mapping 𝒹λ: X x X ⟶ E (E is real Banach space) satisfies: 

 

(i) 0 ≺ 𝒹λ(x, y) for all x, y 𝜖 X and 𝒹λ(x, y) = 0 iff x = y ,  

(ii) 𝒹λ(x, y) = 𝒹λ(y, x) for all  x, y 𝜖 X, 

(iii) 𝒹λ(x, y) ≼ 𝒹λ(x, z) + 𝒹λ(z, y) for all  x, y, z 𝜖 X,  

 then 𝒹λ  is called a cone metric on X and ( X, 𝒹λ ) is called a cone metric space”. 

 

 1.3“Let ℱ : X
3 
 → X. An element (x, y, z) is called a tripled fixed point of ℱ                         if ℱ(x, y, z) = x, ℱ(y, x, y) 

= y, ℱ(z, y, x) = z”. 

 

1.4“An element (x, y, z) 𝜖 X
3
 is called a tripled coincidence point of mapping                ℱ : X

3 
 → X and  𝒽 : X → X 

if  ℱ(x, y, z) = 𝒽(x) , ℱ(y, x, y) = 𝒽(y), ℱ(z, y, x) = 𝒽(z)”. 

 

1.5“An element x 𝜖 X is called a common fixed point of the mappings ℱ : X
3 
 → X and  

   : X → X if  ℱ(x, x, x) = 𝒽(x) = x”.   

 

1.6“An element (x, y, z) 𝜖 X
3
 is called a tripled common fixed point of mappings         ℱ :X

3 
→X and 𝒽 : X→X, if, ℱ 

(x, y, z)=𝒽 (x)=x, ℱ (y, x, y)=𝒽(y)=y,                              ℱ (z, y, x) =𝒽(z) = z”. 

 

1.7“Suppose that E is a real Banach space, P is a cone in E with int P ≠ ∅  and  ≤ is partial ordering with respect to  P. 

Let  X be a non-empty set and let the function                        S: X
3
 → E satisfy the following conditions:  

(CSM1) S(x, y, z)  ≥ 0;    

(CSM2) S (x, y, z) = 0 if and only if  x = y = z; 

(CSM3) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S( z, z, a), ∀  x, y, z, a ∈ X  

Then the function S is called a cone S-metric on X and the pair (X, S) is called a cone S-metric space or simply CSMS”. 

 

Results : 

2.1 Lemma 

Lets(X, S)sbe a conesS-metricsspace. Then, weshavesS(x, x, y) = S(y, y, x).  

2.2 Lemma  

Lets(X, d) be ascone metricsspace. Then,sthe followingsproperties aressatisfied: 

(1)  Ss(u,lv,lz)l=ldl(u,lz) +sd (v,lz) forlallku,lv,lzl∈lX, is ascone S-metricsonsX. 

(2)ssun →su ins(X, d)s if andsonly ifsun →su ins(X,sSd). 

(3) s{un}sissCauchy ins(X, d)sif andsonly ifs{un}sis Cauchysins(X,sSd). 

(4) s(X, d)sis completesifsand onlysifs(X, Sd) isscomplete. 

2.3 Lemma  

Let f : X→ Y be asmap fromsan S-metricsspace X to ansS-metric space Y. Then, fsis continuoussat xl∈lX if andsonly if 

fl(xn)l→lf(x)swheneversxn →sx. 

(A1) Forkallkx,ly,lz ∈lR+,kif y ≤sϕ(xl,xl,yl,zl)kwithkz ≤l2x+y,sthen y l≤ lkx. 

(A2) Forkallsy∈ R+ , if y ≤ ϕ(yl,0l,0l,yl,yl),sthensy=0l. 

(A3)sIfsxi ≤ yis+zisforsallsxi ,syi ,szi s∈  R+, si≤5 ,sthen  

Φ(x1,…,x5)s≤ Φ(y1,…,y5)+sΦ(z1,…,z5). 

Moreover, for allsy∈X, “Φ(0,0,2y,y,0)s≤ky”. 
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Remarks:“Note that the coefficient k in conditions (A1) and (A3) may be different, for example k1 and k3 respectively. 

But we assume that they are equal by taking          k=max{ k1, k3}”. 

2.4 Theorem 

Let Tsbe asself-mapson a completescone Ss–metricsspace (X, S), Psbe asnormalscone withsnormalsconstant Ksand 

S(Tx, Tx, Ty)s≤“ϕs(S(x,sx,sy),sS(x,sx,sTx),sS(y,sy,sTy),sS(x, x,sTy),sS(y, y, Tx))” (2.1) forsall x, y, ϵ X andssome ϕ ϵ 

ψ. Then,we have 

(1)  If ϕssatisfies the conditions(A1), thensT has asfixed point.sMoreover, forsany  

x0 ϵ X andsthe fixedspoint x, weshave  

              S Txn , Txn , x ≤  
2𝑘𝑛

1 − 𝑘
 S x0 , x0 , Tx0  

(2) If ϕssatisfies thescondition (A2)sand Tshas a fixedspoint, then thesfixed pointsis  

unique. 

(3)  If ϕssatisfies thesconditions(A3) and Tshassa fixedspoint x,sthensT isscontinuous  

at x.  

ProofS: (1)sforseachsx0 ϵ X and n ϵ ℕ,sput xn+1s=sTxn. 

Itsfollowssfroms(2.1)dandsbysLemmasthat  

S(xn+1,sxn+1, xn+2)s=sS(Txn, Txn, Txn+1) 

                             ≤ ϕ (S(xn, xn, xn+1), S(xn, xn, Txn), S(xn+1, xn+1, Txn+1),  

           S(xn, xn, Txn+1), S(xn+1, xn+1, Txn)) 

                              = ϕ (S(xn, xn, xn+1), S(xn, xn, xn+1), S(xn+1, xn+1, xn+2),  

             S(xn, xn, xn+2), S(xn+1, xn+1, xn+1)) 

                              = ϕ (S(xn, xn, xn+1), S(xn, xn, xn+1), S(xn+1, xn+1, xn+2), 

       S(xn, xn, xn+2), 0).           (2.2)   

By condition (CSM3) and Lemma (2.1), we have 

“S(xn, xn, xn+2) ≤ 2S(xn, xn, xn+1) + S(xn+2, xn+2, xn+1) 

  = 2S(xn, xn, xn+1) + S(xn+1, xn+1, xn+2)”.             (2.3)  

Since ϕ satisfies the condition (A1), there existssk ϵs[0, 1)ssuchsthat  

“S (xn+1, xn+1, xn+2) ≤ ksS (xn,sxn, xn+1) ≤ kn+1sS(x0, x0, x1)”             (2.4) 

Thus, for all n < m, by using (CSM3), Lemma (2.1) and equation (2.4), we have 

S (xn, xn, xm)    ≤ 2S (xn, xn, xn+1) + S (xm, xm, xn+1) 

= 2S (xn, xn, xn+1) + S(xn+1, xn+1, xm) 
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= 2 kn + ⋯+ km−1 S x0 , x0 , x1 

≤  
2kn

1 − k
 S x0 , x0 , x1 

 

This implies that   𝑆 𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚    ≤  
2𝑘𝑛𝐾

1−k
   𝑆 𝑥0, 𝑥0 , 𝑥1    

Taking the limit as n, m → ∞, we get    𝑆 𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚      → 0 

Since 0 < k < 1. Thus, we have S (xn, xn, xm) → 0 as n , m → ∞. 

This“shows that the sequence {xn} is a Cauchy sequence in the complete cone S–metric space (X, S). By the 

completeness of the space, we have lim
n→∞

xn = x ϵ X”.  

Moreover,“taking the limit as m → ∞ we get  

S(xn, xn, x) ≤  
2𝑘𝑛+1

1−k
  S (x0, x0, x1) 

It implies that”S (Txn, Txn, x) ≤  
2𝑘𝑛

1−k
  S (x0, x0, Tx0). 

Now,swekprovekthatkxkiskakfixedkpointkofkT,kbykusingkthekinequalityk(2.1)kagainkwekobtain   S(xn+1, xn+1, Tx) = 

S (Txn, Txn, Tx) 

              ≤ ϕ (S(xn, xn, x), S(xn, xn, Txn), S(x, x, Tx), S(xn, xn, Tx), S(x, x, Txn)) 

              = ϕ (S(xn,xn,x),S(xn, xn, xn+1), S(x, x, Tx), S(xn, xn, Tx), S(x, x, xn+1)). 

Notekthatkϕlϵlψk,thenkusingkLemmak(2.2)kandktakingktheklimitkasln→l∞,kwekget 

“S (x, x, Tx) ≤ ϕ (0, 0, S(x, x, Tx), S(x, x, Tx), 0)”. 

Since“ϕ satisfies the condition (A1), then S (x, x, Tx) ≤ k.0=”0. 

“This shows that x= Tx. Thus, x is a fixed point of” T. 

(2)“Let x1, x2 be fixed point of T. we shall prove that x1 = x2”.“It follows from  

equation (2.1) and Lemma (2.1) that 

S(x1, x1, x2) =” S (Tx1, Tx1, Tx2) 

     ≤ ϕ (S(x1, x1, x2), S(x1, x1, Tx1), S(x2, x2, Tx2), S(x1, x1, Tx2), S(x2, x2, Tx1)) 

     =  ϕ (S(x1,sx1, x2),sS(x1, x1, x1),sS(x2, x2, x2), S(x1, x1, x2),sS(x2, x2, x1))               

     =  ϕ (S(x1, x1, x2), 0,s0,sS(x1, x1, x2),sS(x2, x2, x1))                        

     = ϕ (S(x1, x1, x2),s0,s0,sS(x1, x1, x2),sS(x1, x1, x2)). 

Sincesϕssatisfies thesconditions(A2), thensS(x1, x1, x2) = 0.sThis showssthat x1 = x2.            T has thesfixedspointsofsT 

issunique. 

Letsx besthesfixed pointsof Tsandsyn → xϵ X sbysLemma (2.3),  

Wesneedstosprovesthat Tyn → Tx.sItsfollowssfrom inequalitys(2.1) andsby Lemmas(2.1) sthat  
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S(x, x, Tyn)   = S (Tx,sTx,sTyn) 

         ≤ “ϕs(S(x, x, yn), S(x, x,sTx),sS(yn, yn, Tyn), S(x, x, T yn), S(yn, yn, Tx)”  

         = “ϕ (S(x, x, yn), S(x, x, x), S(yn, yn, Tyn), S(x, x, Tyn), S(yn, yn, x))” 

         = “ϕ (S(x, x, yn), 0 S (Tyn, Tyn, yn), S(x, x, yn), S(Tyn, Tyn, x))”. 

Sincesϕssatisfiessthescondition (A3),sby Lemma (2.1) and (CSM3), weshave  

S (Tyn, Tyn, yn)s≤s2S(Tyn, Tyn, x)s+sS(yn, yn, x) 

=s2S(Tyn, Tyn, x)s+sS(x, x, yn) 

Then,swe have 

S(x,sx, Tyn) ≤ ϕs(S(x,sx,syn), 0,s0, 0,sS(x,sx,syn))s+sϕ (0,s0,s2Ss(Tyn,sTyn,sx),   

                                                                             sS(Tyn,sTyn,sx), 0)   

                    ≤ ϕ ( (x, x,syn), 0, 0, 0, S(x, x,syn)) + kS(Tyn,sTyn,sx) 

Then, By Lemma 

                s    = ϕs(S(x,sx,syn),s0,s0, 0,sS(x,sx,syn)) +skS(x, x,sTyn). 

sTherefore, 

S(x,sx, Tyn) ≤  
1

1−k
  ϕs(S(x, x, yn), 0,s0,s0, S(x,sx, yn)). 

Notesthatsϕ ϵ ψ,shence takingsthe limitsas n → ∞,swe getsS(x, x, Tyn)s→0.  

Thissshows thatsTyn → x =sTx.sThis completessthesproof. 

2.5 Corollary 

Lets(X, S)sbe ascomplete conesS-metricsspace and Psbe“a normal cone with normal constant K. Suppose that the 

mapping T : X→ X satisfies the following condition: 

S(Tx, Tx, Ty) ≤ h S(x, x, y) for all x, y ϵ X, where h ϵ [0, 1) is a constant. Then T has a unique fixed point in X, 

moreover T is continuous at the fixed point”. 

Proof : “The assertion follows using the Theorem (5.4) with ϕ(x, y, z, s, t) = hx for some   h ϵ [0, 1)”andsall x, y,sz, s, t 

ϵsℝ+ . 

2.6 Corollary 

Lets(X,S)sbe ascompletegconehS-metricuspacegandhPfberahnormalgconehwithhnormal constant K. 

SupposepthatlthekmappingiT: X→ Xgsatisfiesgthejfollowinggcondition: 

“S(Tx,kTx,jTy) ≤ hq[S(x, x, Tx) + S(y, y, Ty)] for alllx, y ϵ”X, where q ϵ [0, 
1

2
) is a constant. Then,kT has 

akuniquepfixedlpoint in X.kMoreover,kTkis continuouskat the fixedkpoint. 

Proof:kThe assertionkfollowskusingkthekTheorem (5.4)kwithkϕ(x,ky,kz, s, t) =kq(y+z) forksome q ϵ [0, 
1

2
) andkall 

x,Sy,Sz, s, t ϵ ℝ+. SIndeed,Sϕ iskcontinuous.  

First,Swe haveSϕS(x,x,y,z,0) =lq (x+y).SSo,SifSy ≤ ϕl(x,lx,ly,lz,l0)lwith z ≤ 2x +ly,  
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then y ≤  (
𝑞

1−𝑞
 ) xkwith (

𝑞

1−𝑞
) < 1. Thus, Tksatisfieskthe lcondition (A1). 

Next,lif y ≤Sϕ (y, 0, 0, y, y), thenly = 0.SThus,STSsatisfiesStheSconditionS(A2). 

Finally,SifSxiS≤ yiS+Szi for i ≤ 5,kthen 

ΦS( x1 , . . . . . x5) = q (x2 + x3) 

≤ q [(y2 + z2) + (y3 + z3)]  

= q (y2 + y3) + q (z2 + z3) 

= ϕ (y1, . . . , y5) + ϕ (z1, . . . . , z5). 

Moreover, ϕl(0, 0,l2y,ly, 0) = q(0 + 2y) = l2qy 

Wherel2q < 1. Thus, Tksatisfieslthe condition (A3). 
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