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ABSTRACT

In this work, the spectral characterization of generalized projections in a prime real von Neumann algebra
analogy to the work in [6] are investigated.
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INTRODUCTION

The subject that studied and investigated here is of the theory of algebra von Neumann , spicily Jordan algebra . Let H
be a complex Hilbert space and B(H) the * - algebra of all bounded linear operator on H.

Definition 1.1. . TeB(H) is called generalized projection if T’=T" , where T  is the adjoint of T .

The notation of generalized projections on a finite dimensional Hilbert space introduced by GroB and Trenkler [5] . In
this work , the concept of generalized projections is extended on a prime real von- Neumann algebra R of operators on
a Hilbert space H , where H is not necessarily finite dimensional , the spectral characterization of generalized
projections are obtained by using spectral theory of operators (see [9] and [7]).

Definition 1.2. : Let B(H) be * - algebra of all bounded linear operators on a Hilbert space H. A real * - algebra R in
B(H) is called a real von Neumann algebra if it is closed in weak operator topology and satisfies the condition
RNiR={0}. The least von Neumann algebra U(R)=R+iR (complex) which contains R is called the enveloping of R.
JW-algebra is a good example of a real von Neumann algebra.

We employ [1] , [2] , [8] and [10] a standard background references for the objects in this work. We recall that an
algebra R is said to be prime if for ideals U and V of R with UV=0 implies either U=0 or VV=0. For an operator T , the
range , the null space and the spectrum of T are denoted by R(T) , N(T) and o(T) respectively.

By ( theorems one and two [3]) we see that , if R is prime real von Neumann algebra , then U(R) is prime von
Neumann algebra. Furthermore the mapping from U(R) onto R is a C-algebra isomorphism.

Definition 1.3. : Let R be prime real von Neumann algebra , an operator T € R s said to be normal if T T =TT,
an orthogonal projection if T i R
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2. THE SPECTRAL CHARACTERIZATION

If T is a normal operator , then there exists a unique resolution of the identity E on the Borel subset of o(T) such that T
has the following spectral representation (see[9]). T = I AdE (X))

o(T)
The following facts are the main results .

Theorem 2.1 : Let R be prime real von Neumann algebraand T € R , then T is a generalized projection if and only if
2 2

i—n T
T is anormal operator and o (T) < {0,1,e ® ,e * }.Inthiscase, T has the following spectral representation

2 2 2 2
11— —1—T7

T —0E(0)@EW)@e’ E(e® )@e * E(e °). ()

where E (1) denotes the spectral projection associated with a spectral point L € o(T) and E(A) =0 if
Aeo(T).

Proof : Let T be generalized projection , then , T°=T and TT =T’ =T’T=T7T'T7 , hence T is normal
operator.

Let T= [ AdE(%) .then T = [ AdE(1)

o (T) c(T)
Now T2 =T impliesthat T> - T == [ (L% - 1)dE(L) =0 .
o (T)
Hence , A2 =2 , for al e c(T) . fAeoc(T) andr =0 , we denote & = re" , Where -t <0<,
2 _2i6 —i0 rio -2i0
thenr'e”” =re andr=0,s0re =e .

*° This show that —30 = 2k for an integer k , hence we obtain —3n < 36 < 37,

2 2
thus k e {0,1,-1}.Ifk =-1,then 36 =2n ,500=—n .Ifk=1,then36=-2n ,500=—-—xn .If
3 3

Hence ,r=1andl1=¢e

k=0,then36=0 ,5006=0

2 2

—1—7

Therefore cs(T)g{O,l,eg e ).

Denote by E (1) the spectral projection of the normal operator T associated with a spectral point {A} , then
E(L), X € o(T) areorthogonal projections and mutual orthogonal , and

-Eﬂ ign —ign —ign
T=0E(0O)®EQ)®e*E(e®)®de ° E(e ®) , where E(L)#0 if Aeo(T) , E(A)=0 |if
'En igﬂ
Le{0,1,e® e ° F\o(T)and Y @E(L)=1 (see[8]).

reo (T)
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2 2

" —

i i—n
Conversely ,assume that the operator T isnormaland ¢ (T) < {0,1,e ®* ,e 3 }.ThenT has the following form

-Eﬂ ign —ign —ign
T=0E(0)®EQ)®e*E(e®)®de ° E(e ®) , where E(A)#20 if Aeo(T) , E(X)=0 if
ign —igﬂ
Le{0,1,e® e * }\o(T)and Y @E(L)=1 .Thus

reo (T)

4 2 4 2
i—

T _0E()@EM)®e’ E(e® )@e * E(e *)

2 2 2 2
— I—m

®  E(e *)=T

_OE(0)®EW)®e P E(e )@e

Hence T is generalized projection.

.2 .2
T —I—m

I
Note: Let be generalized projection , in general o (T) is not necessarily equal to the whole set {0,1,e * ,e ° }.

2 2 2

Ifanumber A € {0,1,e s ,e * Yisnothelongtos (T) ,forexample o (T) ={1,e s } , then formula (1) has
2 2 2

been changedby T =E(1)® e gﬁE(e ?) , where E(1)® E (e gﬁ) =1

Corollary 2.2: Let R be prime real von Neumann algebraand T € R be generalized projection , then we have

(1). The range R(T) is closed .

2. T “=T and T® isan orthogonal projection on R(T) .
Proof :

(1). Since T a generalized projection , by theorem (2.1) we have that T is normal and it's spectrum is finite, so O is not
a limit point of the spectrum of the normal operator T , then R(T) is closed .

(2). Clearly .

If H is a finite dimensional space , then we have the following consequence .

Corollary2.3:Let T e M beanxn matrix.If T ? = T, then there exists a unitary matrix U € M nen SUCh

ign *iiﬂ 4
that UT U is a diagonal matrix and UT'U =01 @1 @®e® 1 @®e ° I, whee n=3n, ,

n
i=1

0<n,<n and|l istheidentityon asuitable n,-dimensional complex space, i =1,2,3,4.

Definition 2.4: Let R be prime real von Neumann algebra , by the following symbols we denote :

*

1L.R ={TeR:T =T"}.

4

2R ={TeRrR:T'=T} .
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3R = {T € R: T isapartial isometry } .

4R ={TeR:TT =T T}.

The theorem in [4] is proved for a finite dimensional Hilbert spaces, here the same result also holds for an
infinite dimensional Hilbert space the proof is different from [4] and based on the spectral representation ( see [9] ).

Theorem 2.5: Let R be prime real von Neumann algebraand T € R , then the following statements are equivalent .

1.TeRrR®
2TerRYNR"NR"
3TerRYNR"

Proof: (1) = (2).Let T € R®" | then by theorem (2.1) T has the following from

2 2 2 2
11— I—m

T —0E(0)®E(@)®e® E(e® )@e ® E(e ®) where E(L) =0 if »eo(T) and E(L)=0 if
ER S
ref{0,1,e?® ,e

s }\o(T) hencewehave T* =0E(0)® E(l)@eg E(eg )@e_3 E(e ?)

2 2 2 2
11— 1—m

_O0E(0)®E()@e E(e® )@e ° E(e *)=T

2 2 2 2
I—m

i—mn i—n i—n _
We observethat T" =0E(0)®@ E(1)®e ° E(e® )®e?® E(e ® ), then

2 2
I—7 —I—7
T'T=0E(0)®EQ)®E(e® )®E(e ®) which is an orthogonal projection on the subspace
igrr —ign
EQLW@E(e® )®E(e *® ) ,henceTisa partial isometry .
2 2

Now T T  —0E(0)®@E()@E(e® )®E( °)=T'T.

:TisnormaI.HenceTeRQPﬂRP'ﬂRN.

(2) = (3) .Clearly.

)= 0 . Lt TeR*ARY , then T is nomal and T'=T ,  hence

2 2
— —i—n

o(T)c {r:n* = X):{O,l,eisn,e Y

Using theorem (2.1) we get T e R °7 .
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