
International Journal of Enhanced Research in Science, Technology & Engineering 

ISSN: 2319-7463, Vol. 12 Issue 3, March-2023, Impact Factor: 7.957 

Page | 1  

Fusion Classes of non-abelian metabelian groups 

of order upto 24 
 

Muniya
1
, Harsha Arora

2 

 
1
Shri Jagdishprasad Jhabarmal Tibrewala University, Rajasthan 

2
Govt. college for women, Hisar 

 

 

ABSTRACT 

 

In this paper, 𝑮 be the non-abelian metabelian group and 𝒄𝒍(𝒂) denotes the fusion class of element 𝒂 in 𝑮. 

Fusion class is an equivalence relation. A group is metabelian group if its commutator group is abelian or if it 

has an abelian normal subgroupin which the factor group is also abelian.There are 35 non-Abelian metabelian 

groups of order less than or equal to 24.In this paper, we investigate the fusion classes of all non-abelian 

metabelian groups of order less than or equal to 24andthe verification has been made through GAP(Groups 

Algorithm Programming) software. 
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INTRODUCTION 

 

Let 𝑮 be a finite metabelian group, 𝒁𝒏 denotes the cyclic group of order 𝒏, 𝑺𝒏 denotes the permutation group of degree 

𝒏, 𝑫𝒏 denotes the dihedral group of order 𝟐𝒏, 𝑸𝒏 denotes quatornion group. A group 𝑮 is said to be metabelian if 𝑮′, 
the derived subgroup of 𝑮 is abelian. Much has been investigated about the properties of metabelian groups in the 

literature. In paper [3], structure of metabelian groups of order upto 𝟐𝟒 has been described. In paper [4], the authors 

studied about the conjugacy classes of metabelian groups of order less than 𝟐𝟒. In paper [1], [2], automorphisms of 

some non-abelian groups of order 𝒑𝟒are computed. In the present paper, we shall find the fusion classes of metabelian 

non-abelian groups of order less than or  equal to 𝟐𝟒.  

 

In [3], Rehman Abdul described the metabelian groups of order less than or equal to 24. 

 1 𝐷3 ≅ 𝑆3 ≅< 𝑎, 𝑏; 𝑎3 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 2 𝐷4 ≅< 𝑎, 𝑏; 𝑎4 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 3 𝑄3 ≅< 𝑎, 𝑏: 𝑎4 = 1, 𝑏2 = 𝑎2 , 𝑎 𝑏 𝑎 = 𝑏 >. 
 4 𝐷5 ≅< 𝑎, 𝑏: 𝑎5 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 

 5 𝑍3 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎3 = 𝑏4 = 1, 𝑏−1𝑎 𝑏 = 𝑎2 >. 
 6 𝐴4 ≅< 𝑎, 𝑏, 𝑐: 𝑎2 = 𝑏2 = 𝑐3 = 1, 𝑏 𝑎 = 𝑎 𝑏, 𝑐 𝑎 = 𝑎 𝑏 𝑐, 𝑐 𝑏 = 𝑎 𝑐 >. 

 7 𝐷6 ≅< 𝑎, 𝑏: 𝑎6 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 8 𝐷7 ≅< 𝑎, 𝑏: 𝑎7 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 9 𝐷8 ≅< 𝑎, 𝑏: 𝑎8 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 10 𝐺 ≅< 𝑎, 𝑏: 𝑎8 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎3 >. 

 11 𝑄16 ≅< 𝑎, 𝑏: 𝑎8 = 1,      𝑎4 = 𝑏2,      𝑎 𝑏 𝑎 = 𝑏 >. 
 12 𝐷4 × 𝑍2 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑏2 = 𝑐2 = 1, 𝑎 𝑐 = 𝑐 𝑎, 𝑏 𝑐 = 𝑐 𝑏, 𝑏 𝑎 𝑏 = 𝑎−1 >. 

 13 𝑄3 × 𝑍2 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑏4 = 𝑐2 = 1, 𝑏2 = 𝑎2 , 𝑏 𝑎 = 𝑎3𝑏, 𝑎 𝑐 = 𝑐 𝑎, 𝑏 𝑐 = 𝑐 𝑏 >. 
 14 𝑀𝑜𝑑𝑢𝑙𝑎𝑟 − 16 = 𝐺 ≅< 𝑎, 𝑏: 𝑎8 = 𝑏2 = 1, 𝑎 𝑏 = 𝑏 𝑎5 >. 

 15 𝐵 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏4 = 1, 𝑎 𝑏 = 𝑏 𝑎3 >. 
 16 𝐾 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑏2 = 𝑐2 = 1, 𝑎 𝑏 = 𝑏 𝑎, 𝑎 𝑐 = 𝑐 𝑎, 𝑐 𝑏 = 𝑎2𝑏 𝑐 >. 

 17 𝐺4,4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏4 =  𝑎 𝑏  2 = 1, 𝑎 𝑏3 = 𝑏 𝑎3 >. 
 18 𝐷9 ≅< 𝑎, 𝑏: 𝑎9 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 

 19 𝑆3 × 𝑍3 ≅< 𝑎, 𝑏, 𝑐: 𝑎3 = 𝑏2 = 𝑐3 = 1, 𝑏 𝑎 = 𝑎−1𝑏, 𝑎 𝑐 = 𝑐 𝑎, 𝑏 𝑐 = 𝑐 𝑏 >. 
 20  𝑍3 × 𝑍3 ⋊ 𝑍2 ≅< 𝑎, 𝑏, 𝑐: 𝑎2 = 𝑏3 = 𝑐3 = 1, 𝑏 𝑐 = 𝑐 𝑏, 𝑏 𝑎 𝑏 = 𝑎, 𝑐 𝑎 𝑐 = 𝑎 >. 

 21 𝐷10 ≅< 𝑎, 𝑏: 𝑎10 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 22 𝐹𝑟20 ≅ 𝑍5 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏5 = 1, 𝑏 𝑎 = 𝑎 𝑏2 >. 

 23 𝑍5 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏5 = 1, 𝑏 𝑎 𝑏 = 𝑎 >. 
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 24 𝐹𝑟21 ≅ 𝑍7 ⋊ 𝑍3 ≅< 𝑎, 𝑏: 𝑎3 = 𝑏7 = 1, 𝑏 𝑎 = 𝑎 𝑏2 >. 
 25 𝐷11 ≅< 𝑎, 𝑏: 𝑎11 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 

 26 𝑆3 × 𝑍4 ≅< 𝑎, 𝑏, 𝑐: 𝑎3 = 𝑏2 = 𝑐4 = 1, 𝑎𝑏 = 𝑎−1 , 𝑎 𝑐 = 𝑐 𝑎, 𝑏 𝑐 = 𝑐 𝑏 >. 
 27 𝑆3 × 𝑍2 × 𝑍2 ≅< 𝑎, 𝑏, 𝑐, 𝑑: 𝑎3 = 𝑏2 = 𝑐2 = 𝑑2 = 1, 𝑎𝑏 = 𝑎−1 , 𝑎 𝑐 = 𝑐 𝑎, 𝑎 𝑑 = 𝑑 𝑎, 𝑏 𝑐 = 𝑐 𝑏, 𝑏 𝑑 = 𝑑 𝑏, 𝑐 𝑑

= 𝑑 𝑐 >. 
 28 𝐷4 × 𝑍3 ≅< 𝑎, 𝑏, 𝑐: 𝑎3 = 𝑏4 = 𝑐2 = 1, 𝑏𝑐 = 𝑏−1, 𝑎 𝑏 = 𝑏 𝑎, 𝑎 𝑐 = 𝑐 𝑎 >. 

 29 𝑄 × 𝑍3 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑐3 = 1, 𝑎2 = 𝑏2, 𝑎𝑏 = 𝑎−1 , 𝑏 𝑐 = 𝑐 𝑏, 𝑎 𝑐 = 𝑐 𝑎 >. 
 30 𝐴4 × 𝑍2 ≅< 𝑎, 𝑏, 𝑐, 𝑑: 𝑎2 = 𝑏2 = 𝑐3 = 𝑑2 = 1, 𝑎 𝑏 = 𝑏 𝑎, 𝑐 𝑎 = 𝑎 𝑏 𝑐, 𝑎 𝑑 = 𝑑 𝑎, 𝑎 𝑐 = 𝑐 𝑏, 𝑏 𝑑 = 𝑑 𝑏, 𝑐 𝑑 = 𝑑 𝑐

>. 
 31 𝑄12 ≅< 𝑎, 𝑏: 𝑎12 = 1, 𝑎6 = 𝑏2, 𝑏−1𝑎 𝑏 = 𝑎−1 >. 

 32 𝐷12 ≅< 𝑎, 𝑏: 𝑎12 = 𝑏2 = 1, 𝑏 𝑎 𝑏 = 𝑎−1 >. 
 33 𝑍6 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏6 = 1, 𝑏 𝑎 𝑏 = 𝑎 >. 

 34 𝑍3 ⋊ 𝑍8 ≅< 𝑎, 𝑏: 𝑎3 = 𝑏8 = 1, 𝑏 𝑎 𝑏−1 = 𝑎−1 >. 
 35 𝑍3 ⋊ 𝑄 ≅< 𝑎, 𝑏, 𝑐: 𝑎2 = 𝑏6 = 𝑐2 = 1, 𝑎𝑏 = 𝑏𝑎, 𝑎𝑐 = 𝑐𝑎,  𝑐𝑏 2 = 1 >. 

 

 

Fusion classes of all non-abelian metabelian groups of order less than equal to 𝟐𝟒 

Fusion classes of groups of order 𝟔 

 

Fusion Classes of 𝑫𝟑: 

𝐷3 ≅ 𝑆3 ≅< 𝑎, 𝑏; 𝑎3 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion Classes are: 

𝑐𝑙(1) = {1} 

𝑐𝑙(𝑎) = {𝑎, 𝑎2} 

𝑐𝑙(𝑏) = {𝑎𝑏, 𝑎2𝑏, 𝑏} 

So there are 3 fusion classes in 𝐷3. 

 

Fusion Classes of groups of order 8 

 

Fusion classes of 𝑫𝟒: 

 

𝐷4 ≅< 𝑎, 𝑏; 𝑎4 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion Classes are: 

𝑐𝑙(1) = {1} 

𝑐𝑙(𝑎) = {𝑎𝑖 ; (𝑖, 2) = 1,1 ≤ 𝑖 < 4} 

𝑐𝑙(𝑎2) = {𝑎2} 

𝑐𝑙(𝑏) = {𝑎𝑖𝑏; 1 ≤ 𝑖 ≤ 4}. 

Therefore, there are 4 fusion classes in 𝐷4. 

 

Fusion Classes of 𝑸𝟑: 

 

𝑄3 ≅< 𝑎, 𝑏: 𝑎4 = 1, 𝑏2 = 𝑎2 , 𝑎𝑏𝑎 = 𝑏 > 
Thus, the fusion classes are: 

𝑐𝑙(1) = {1} 

𝑐𝑙(𝑎) = {𝑎, 𝑏, 𝑎3 , 𝑏3, 𝑎𝑏, 𝑎3𝑏} 

𝑐𝑙(𝑎2) = {𝑎2} 

Hence the total number of fusion classes are 3. 

 

Fusion Classes of groups of order 𝟏𝟎 

 

Fusion Classes of 𝑫𝟓: 

 

𝐷5 ≅< 𝑎, 𝑏: 𝑎5 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 

Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ;  𝑖, 5 = 1 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏; 1 ≤ 𝑖 ≤ 5 . 
So there are 3 fusion classes. 



International Journal of Enhanced Research in Science, Technology & Engineering 

ISSN: 2319-7463, Vol. 12 Issue 3, March-2023, Impact Factor: 7.957 

Page | 3  

 

Fusion Classes of groups of order 12 

 

Fusion Classes of 𝒁𝟑 ⋊ 𝒁𝟒: 

 

𝑍3 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎3 = 𝑏4 = 1, 𝑏−1𝑎𝑏 = 𝑎2 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 1 ≤ 𝑖 < 3 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏𝑗 ; 2 ∤ 𝑗, 0 ≤ 𝑖 ≤ 2,1 ≤ 𝑗 ≤ 3 , 

𝑐𝑙(𝑏2) =  𝑏2 , 

𝑐𝑙(𝑎𝑏2) =  𝑎𝑖𝑏2; 1 ≤ 𝑖 ≤ 2 . 
Hence there are 5 fusion classes. 

 

Fusion Classes of 𝑨𝟒: 

 

𝐴4 ≅< 𝑎, 𝑏, 𝑐: 𝑎2 = 𝑏2 = 𝑐3 = 1, 𝑏𝑎 = 𝑎𝑏, 𝑐𝑎 = 𝑎𝑏𝑐, 𝑐𝑏 = 𝑎𝑐 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖𝑏𝑗 ; 0 ≤ 𝑖, 𝑗 ≤ 1,    𝑖 + 𝑗 ≠ 0 , 

𝑐𝑙(𝑐) =  𝑎𝑖𝑏𝑗𝑐𝑘 ; 0 ≤ 𝑖, 𝑗 ≤ 1,    𝑘 ∈  1,2  . 

Thus, total number of fusion classes are 3. 

 

Fusion Classes of 𝑫𝟔: 

 

𝐷6 ≅< 𝑎, 𝑏: 𝑎6 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ;     𝑖 ∈  1,5  , 

𝑐𝑙(𝑎2) =  𝑎𝑖 ;     𝑖 ∈  2,4  , 

𝑐𝑙(𝑎3) =  𝑎3 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏; 0 ≤ 𝑖 ≤ 5 . 
Total number of fusion classes are 5. 

 

Fusion Classes of groups of order 𝟏𝟒 

 

Fusion Classes of 𝑫𝟕: 

 

𝐷7 =< 𝑎, 𝑏: 𝑎7 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 1 ≤ 𝑖 ≤ 6 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏; 0 ≤ 𝑖 ≤ 6 . 
So there are 3 fusion classes. 

 

Fusion Classes of groups of order 𝟏𝟔 

 

Fusion classes of 𝑫𝟖: 

 

Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ;  𝑖, 2 = 1,1 ≤ 𝑖 < 8 , 

𝑐𝑙(𝑎2) =  𝑎2 , 𝑎6 , 

𝑐𝑙(𝑎4) =  𝑎4 , 

𝑐𝑙(𝑏) = 𝑎𝑖𝑏; 0 ≤ 𝑖 ≤ 7. 
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Total number of fusion classes are 5. 

 

Fusion Classes of 𝑮: 

 

𝐺 ≅< 𝑎, 𝑏: 𝑎8 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎3 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ;  2, 𝑖 = 1,1 ≤ 𝑖 ≤ 8 , 

𝑐𝑙(𝑎2) =  𝑎2𝑖 ;  2, 𝑖 = 1,1 ≤ 𝑖 ≤ 4 , 

𝑐𝑙(𝑎4) =  𝑎4 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏;
2

𝑖
, 0 ≤ 𝑖 < 8 , 

𝑐𝑙(𝑎𝑏) =  𝑎𝑖𝑏;  2, 𝑖 = 1,1 ≤ 𝑖 ≤ 8 . 
So there are 6 fusion classes. 

 

Fusion Classes of 𝑸𝟏𝟔: 

 

𝑄16 ≅< 𝑎, 𝑏: 𝑎8 = 1, 𝑎4 = 𝑏2,      𝑎𝑏𝑎 = 𝑏 > 

Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ;  2, 𝑖 = 1,1 ≤ 𝑖 ≤ 8 , 

𝑐𝑙(𝑎2) =  𝑎2 , 𝑎6 , 

𝑐𝑙(𝑎4) =  𝑎4 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏𝑗 ; 0 ≤ 𝑖 ≤ 3,    𝑗 = 1,3 . 
Therefore, there are 5 fusion classes. 

 

Fusion classes of𝑫𝟒 × 𝒁𝟐: 

 

𝐷4 × 𝑍2 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑏2 = 𝑐2 = 1, 𝑎𝑐 = 𝑐𝑎, 𝑏𝑐 = 𝑐𝑏, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖𝑐𝑗 ;     𝑖 ∈  1,3 ,    𝑗 ∈  0,1  , 

𝑐𝑙(𝑏) =  𝑎𝑘𝑏𝑐𝑙 ; 0 ≤ 𝑘 ≤ 3,    𝑙 ∈  0,1  , 

𝑐𝑙(𝑐) =  𝑐, 𝑎2𝑐 , 

𝑐𝑙(𝑎2) =  𝑎2 . 
Therefore, there are 5 fusion classes. 

 

Fusion classes of𝑸𝟑 × 𝒁𝟐: 

 

𝑄3 × 𝑍2 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑏4 = 𝑐2 = 1, 𝑏2 = 𝑎2, 𝑏𝑎 = 𝑎3𝑏, 𝑎𝑐 = 𝑐𝑎, 𝑏𝑐 = 𝑐𝑏 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎, 𝑎3, 𝑏, 𝑏3, 𝑎𝑏, 𝑎𝑐, 𝑎3𝑏, 𝑎3𝑐, 𝑏𝑐, 𝑎𝑏𝑐, 𝑎2𝑏𝑐, 𝑎3𝑏𝑐 , 

𝑐𝑙(𝑎2) =  𝑎2 , 

𝑐𝑙(𝑐) =  𝑐, 𝑎2𝑐 . 
Total number of fusion classes are 4. 

 

Fusion classes of 𝑴𝒐𝒅𝒖𝒍𝒂𝒓 − 𝟏𝟔: 

 

𝑀𝑜𝑑𝑢𝑙𝑎𝑟 − 16 = 𝐺 ≅< 𝑎, 𝑏: 𝑎8 = 𝑏2 = 1, 𝑎𝑏 = 𝑏𝑎5 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖𝑏𝑗 ; 2 ∤ 𝑖, 1 ≤ 𝑖 ≤ 8,    𝑗 ∈  0,1  , 

𝑐𝑙(𝑏) =  𝑏, 𝑎4𝑏 , 

𝑐𝑙(𝑎2) =  𝑎2 , 𝑎6 , 

𝑐𝑙(𝑎2𝑏) =  𝑎2𝑏, 𝑎6𝑏 , 
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𝑐𝑙(𝑎4) =  𝑎4 . 
Total number of fusion classes are 6. 

 

Fusion classes of 𝑩: 

 

𝐵 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏4 = 1, 𝑎𝑏 = 𝑏𝑎3 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖𝑏𝑗 ;     𝑖 ∈  1,3 ,    𝑗 ∈  0,2  , 

𝑐𝑙(𝑏) =  𝑎𝑙𝑏𝑚 ; 0 ≤ 𝑙 ≤ 3,    𝑚 ∈  1,3  , 

𝑐𝑙(𝑎2) =  𝑎2 , 

𝑐𝑙(𝑏2) =  𝑏2 , 

𝑐𝑙(𝑎2𝑏2) =  𝑎2𝑏2 . 
Total number of fusion classes are 6. 

 

Fusion classes of 𝑲: 

 

𝐾 ≅< 𝑎, 𝑏, 𝑐: 𝑎4 = 𝑏2 = 𝑐2 = 1, 𝑎𝑏 = 𝑏𝑎, 𝑎𝑐 = 𝑐𝑎, 𝑐𝑏 = 𝑎2𝑏𝑐 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ;     𝑖 ∈  1,3  , 

𝑐𝑙(𝑏) =  𝑏, 𝑐, 𝑎2𝑏, 𝑎2𝑐, 𝑎𝑏𝑐, 𝑎3𝑏𝑐 , 

𝑐𝑙(𝑎2) =  𝑎2 , 

𝑐𝑙(𝑎𝑏) =  𝑎𝑏, 𝑎𝑐, 𝑏𝑐, 𝑎3𝑏, 𝑎3𝑐, 𝑎2𝑏𝑐 . 
Total number of fusion classes are 5. 

 

Fusion classes of𝑮𝟒,𝟒: 

 

𝐺4,4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏4 = (𝑎𝑏)2 = 1, 𝑎𝑏3 = 𝑏𝑎3 > 

Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎, 𝑎3, 𝑏, 𝑏3, 𝑎𝑏2, 𝑎2𝑏, 𝑎2𝑏3, 𝑎3𝑏2 , 

𝑐𝑙(𝑎2) =  𝑎2, 𝑏2 , 

𝑐𝑙(𝑎𝑏) =  𝑎𝑏, 𝑎3𝑏, 𝑎𝑏3, 𝑎3𝑏3 , 

𝑐𝑙(𝑎2𝑏2) =  𝑎2𝑏2 . 
Total number of fusion classes are 5. 

 

Fusion Classes of groups of order 𝟏𝟖 

 

Fusion classes of 𝑫𝟗 

 

𝐷9 ≅< 𝑎, 𝑏: 𝑎9 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 3 ∤ 𝑖, 1 ≤ 𝑖 ≤ 8 , 

𝑐𝑙(𝑎3) =  𝑎𝑖 ;     𝑖 ∈  3,6  , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏; 0 ≤ 𝑖 ≤ 8 . 
Total number of fusion classes are 4. 

 

Fusion classes of 𝑺𝟑 × 𝒁𝟑: 

 

𝑆3 × 𝑍3 ≅< 𝑎, 𝑏, 𝑐: 𝑎3 = 𝑏2 = 𝑐3 = 1, 𝑏𝑎 = 𝑎−1𝑏, 𝑎𝑐 = 𝑐𝑎, 𝑏𝑐 = 𝑐𝑏 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑗𝑏; 0 ≤ 𝑗 ≤ 2 , 

𝑐𝑙(𝑏) =  𝑎𝑗𝑏; 0 ≤ 𝑗 ≤ 2 , 
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𝑐𝑙(𝑐) =  𝑐𝑘 ; 1 ≤ 𝑘 ≤ 2 , 

𝑐𝑙(𝑎𝑐) =  𝑎𝑖𝑐𝑗 ; 1 ≤ 𝑖, 𝑗 ≤ 2 , 

𝑐𝑙(𝑏𝑐) =  𝑎𝑖𝑏𝑐𝑗 ; 0 ≤ 𝑖 ≤ 2,1 ≤ 𝑗 ≤ 2 . 
Total number of fusion classes are 6. 

 

Fusion classes of (𝒁𝟑 × 𝒁𝟑) ⋊ 𝒁𝟐: 

 

(𝑍3 × 𝑍3) ⋊ 𝑍2 ≅< 𝑎, 𝑏, 𝑐: 𝑎2 = 𝑏3 = 𝑐3 = 1, 𝑏𝑐 = 𝑐𝑏, 𝑏𝑎𝑏 = 𝑎, 𝑐𝑎𝑐 = 𝑎 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑏𝑖𝑐𝑗 ; 0 ≤ 𝑖, 𝑗 ≤ 2 , 

𝑐𝑙(𝑏) =  𝑏𝑘𝑐𝑙 ; 0 ≤ 𝑘, 𝑙 ≤ 2,    𝑘 + 𝑙 ≠ 0 . 
Total number of fusion classes are 3. 

 

Fusion Classes of groups of order 𝟐𝟎 

 

Fusion classes of𝑫𝟏𝟎: 

 

𝐷10 ≅< 𝑎, 𝑏: 𝑎10 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 2 ∤ 𝑖, 5 ∤ 𝑖, 1 ≤ 𝑖 < 10 , 

𝑐𝑙(𝑎2) = {𝑎𝑖 ; 2/𝑖, 1 ≤ 𝑖 < 10}, 

𝑐𝑙(𝑎5) =  𝑎5 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏; 0 ≤ 𝑖 ≤ 9 . 
Total number of fusion classes are 5. 

 

Fusion classes of 𝑭𝒓𝟐𝟎: 

 

𝐹𝑟20 ≅ 𝑍5 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏5 = 1, 𝑏𝑎 = 𝑎𝑏2 > 

Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑏𝑖 ; 0 ≤ 𝑖 ≤ 4 , 

𝑐𝑙(𝑏) =  𝑏𝑗 ; 1 ≤ 𝑗 ≤ 4 , 

𝑐𝑙(𝑎2) =  𝑎2𝑏𝑖 ; 0 ≤ 𝑖 ≤ 4 , 

𝑐𝑙(𝑎3) =  𝑎3𝑏𝑖 ; 0 ≤ 𝑖 ≤ 4 . 
Total number of fusion classes are 5. 

 

Fusion classes of 𝒁𝟓 ⋊ 𝒁𝟒: 

 

𝑍5 ⋊ 𝑍4 ≅< 𝑎, 𝑏: 𝑎4 = 𝑏5 = 1, 𝑏𝑎𝑏 = 𝑎 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖𝑏𝑗 ;     𝑖 ∈  1,3 , 0 ≤ 𝑗 ≤ 4 , 

𝑐𝑙(𝑏) =  𝑏𝑗 ; 1 ≤ 𝑗 ≤ 4 , 

𝑐𝑙(𝑎2) =  𝑎2 , 

𝑐𝑙(𝑎2𝑏) =  𝑎2𝑏𝑖 ; 1 ≤ 𝑖 ≤ 4 . 
Total number of fusion classes are 5. 

 

Fusion Classes of groups of order 𝟐𝟏 

 

Fusion classes of 𝑭𝒓𝟐𝟏: 

 

𝐹𝑟21 ≅ 𝑍7 ⋊ 𝑍3 ≅< 𝑎, 𝑏: 𝑎3 = 𝑏7 = 1, 𝑏𝑎 = 𝑎𝑏2 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑏𝑖 ; 0 ≤ 𝑖 ≤ 6 , 
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𝑐𝑙(𝑏) =  𝑏𝑗 ; 1 ≤ 𝑗 ≤ 6 , 

𝑐𝑙(𝑎2) =  𝑎2𝑏𝑖 ; 0 ≤ 𝑖 ≤ 6 . 
Total number of fusion classes are 4. 

 

Fusion Classes of groups of order 𝟐𝟐 

 

Fusion Classes of𝑫𝟏𝟏: 

 

𝐷11 =< 𝑎, 𝑏: 𝑎11 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 

Fusion Classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 1 ≤ 𝑖 ≤ 10 , 

𝑐𝑙(𝑏) =  𝑎𝑖𝑏; 0 ≤ 𝑖 ≤ 10 . 
So there are 3 fusion classes. 

 

Fusion classes of groups of order 𝟐𝟒 

 

Fusion classes of𝑺𝟑 × 𝒁𝟒: 

 

𝑆3 × 𝑍4 ≅< 𝑥, 𝑦, 𝑧: 𝑥3 = 𝑦2 = 𝑧4 = 1, 𝑥𝑦 = 𝑥−1, 𝑥𝑧 = 𝑧𝑥, 𝑦𝑧 = 𝑧𝑦 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖 ; 1 ≤ 𝑖 ≤ 2 , 

𝑐𝑙(𝑦) =  𝑥 𝑗𝑦𝑧𝑘 ; 0 ≤ 𝑗 ≤ 2, 𝑘 ∈  0,2  , 

𝑐𝑙(𝑧) =  𝑧𝑢 ; 𝑢 ∈  1,3  , 

𝑐𝑙(𝑥𝑧) =  𝑥𝑖𝑧𝑗 ; 1 ≤ 𝑖 ≤ 2, 𝑗 ∈  1,3  , 

𝑐𝑙(𝑦𝑧) =  𝑥𝑖𝑦𝑧𝑘 ; 0 ≤ 𝑖 ≤ 2, 𝑘 ∈  1,3  , 

𝑐𝑙(𝑧2) =  𝑧2 , 

𝑐𝑙(𝑥𝑧2) =  𝑥𝑖𝑧2; 1 ≤ 𝑖 ≤ 2 . 
Total number of fusion classes are 8. 

 

Fusion classes of𝑺𝟑 × 𝒁𝟐 × 𝒁𝟐: 

 

𝑆3 × 𝑍2 × 𝑍2 ≅< 𝑥, 𝑦, 𝑧, 𝑤: 𝑥3 = 𝑦2 = 𝑧2 = 𝑤2 = 1, 𝑥𝑦 = 𝑥−1, 𝑥𝑧 = 𝑧𝑥, 𝑥𝑤 = 𝑤𝑥, 𝑦𝑧 = 𝑧𝑦, 𝑦𝑤 = 𝑤𝑦, 𝑧𝑤 = 𝑤𝑧 > 

Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖 ; 1 ≤ 𝑖 ≤ 2 , 

𝑐𝑙(𝑦) =  𝑥 𝑗𝑦𝑧𝑘𝑤𝑙 ; 0 ≤ 𝑗 ≤ 2,0 ≤ 𝑘, 𝑙 ≤ 1 , 

𝑐𝑙(𝑧) =  𝑧𝑢𝑤𝑣; 0 ≤ 𝑢, 𝑣 ≤ 1, 𝑢 + 𝑣 ≠ 0 , 

𝑐𝑙(𝑥𝑧) =  𝑥𝑖𝑧𝑗𝑤𝑘 ; 1 ≤ 𝑖 ≤ 2,0 ≤ 𝑗, 𝑘 ≤ 1, 𝑗 + 𝑘 ≠ 0 . 
Total number of fusion classes are 5. 

 

Fusion classes of 𝑫𝟒 × 𝒁𝟑: 

 

𝐷4 × 𝑍3 ≅< 𝑥, 𝑦, 𝑧: 𝑥3 = 𝑦4 = 𝑧2 = 1, 𝑦𝑧 = 𝑦−1, 𝑥𝑦 = 𝑦𝑥, 𝑥𝑧 = 𝑧𝑥 > 

Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖 ; 1 ≤ 𝑖 ≤ 2 , 

𝑐𝑙(𝑦) =  𝑦𝑗 ;       𝑗 ∈  1,3  , 

𝑐𝑙(𝑧) =  𝑦𝑘𝑧; 0 ≤ 𝑘 ≤ 3 , 

𝑐𝑙(𝑦2) =  𝑦2 , 

𝑐𝑙(𝑥𝑦) =  𝑥𝑖𝑦𝑗 ; 1 ≤ 𝑖 ≤ 2, 𝑗 ∈  1,3  , 

𝑐𝑙(𝑥𝑧) =  𝑥𝑖𝑦𝑗 𝑧; 1 ≤ 𝑖 ≤ 2,0 ≤ 𝑗 ≤ 3 , 

𝑐𝑙(𝑥𝑦2) =  𝑥𝑖𝑦2; 1 ≤ 𝑖 ≤ 2 . 
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Total number of fusion classes are 8. 

 

Fusion classes of 𝑸 × 𝒁𝟑: 

 

𝑄 × 𝑍3 ≅< 𝑥, 𝑦, 𝑧: 𝑥4 = 𝑧3 = 1, 𝑥2 = 𝑦2 , 𝑥𝑦 = 𝑥−1, 𝑦𝑧 = 𝑧𝑦, 𝑥𝑧 = 𝑧𝑥 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖𝑦𝑗 ; 0 ≤ 𝑖 ≤ 3,0 ≤ 𝑗 ≤ 1 , 

𝑐𝑙(𝑧) =  𝑧𝑖 ; 1 ≤ 𝑖 ≤ 2 , 

𝑐𝑙(𝑥𝑧) = {𝑥𝑖𝑦𝑗 𝑧𝑘 ; 0 ≤ 𝑖 ≤ 3,0 ≤ 𝑗 ≤ 1,1 ≤ 𝑘 ≤ 2, (𝑖, 𝑗) ≠ (0,0), (2,0)}, 

𝑐𝑙(𝑥2) = {𝑥2}, 

𝑐𝑙(𝑥2𝑧) = {𝑥2𝑧𝑖 ; 1 ≤ 𝑖 ≤ 1}. 
So total number of fusion classes are 6. 

 

Fusion classes of 𝑨𝟒 × 𝒁𝟐: 

 

𝐴4 × 𝑍2 ≅< 𝑥, 𝑦, 𝑧, 𝑤: 𝑥2 = 𝑦2 = 𝑧3 = 𝑤2 = 1, 𝑥𝑦 = 𝑦𝑥, 𝑧𝑥 = 𝑥𝑦𝑧, 𝑥𝑤 = 𝑤𝑥, 𝑥𝑧 = 𝑧𝑦, 𝑦𝑤 = 𝑤𝑦, 𝑧𝑤 = 𝑤𝑧 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖𝑦𝑗 ; 0 ≤ 𝑖, 𝑗 ≤ 1, 𝑖 + 𝑗 ≠ 0 , 

𝑐𝑙(𝑧) = {𝑥𝑙𝑦𝑚𝑧𝑛 ; 0 ≤ 𝑙, 𝑚 ≤ 1,1 ≤ 𝑛 ≤ 2}, 

𝑐𝑙(𝑤) =  𝑤 , 

𝑐𝑙(𝑥𝑤) =  𝑥𝑖𝑦𝑗𝑤; 0 ≤ 𝑖, 𝑗 ≤ 1, 𝑖 + 𝑗 ≠ 0 , 

𝑐𝑙(𝑧𝑤) = {𝑥𝑙𝑦𝑚𝑧𝑛𝑤; 0 ≤ 𝑙, 𝑚 ≤ 1,1 ≤ 𝑛 ≤ 2}. 
So total number of fusion classes are 6. 

 

Fusion classes of 𝑸𝟏𝟐: 

 

𝑄12 =< 𝑎, 𝑏: 𝑎12 = 1, 𝑎6 = 𝑏2, 𝑏−1𝑎𝑏 = 𝑎−1 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 1 ≤ 𝑖 ≤ 12,  𝑖, 12 = 1 , 

𝑐𝑙(𝑎2) =  𝑎𝑖 ;     𝑖 ∈  2,10  , 

𝑐𝑙(𝑎3) =  𝑎𝑖 ;     𝑖 ∈  3,9  , 

𝑐𝑙(𝑎4) =  𝑎𝑖 ;     𝑖 ∈  4,8  , 

𝑐𝑙(𝑎6) =  𝑎6 , 

𝑐𝑙(𝑏) =  𝑎𝑗𝑏; 0 ≤ 𝑗 ≤ 11 . 
So total number of fusion classes are 7. 

 

Fusion classes of 𝑫𝟏𝟐: 

 

𝐷12 =< 𝑎, 𝑏: 𝑎12 = 𝑏2 = 1, 𝑏𝑎𝑏 = 𝑎−1 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑎) =  𝑎𝑖 ; 1 ≤ 𝑖 ≤ 12,  𝑖, 12 = 1 , 

𝑐𝑙(𝑎2) =  𝑎𝑖 ;     𝑖 ∈  2,10  , 

𝑐𝑙(𝑎3) =  𝑎𝑖 ;     𝑖 ∈  3,9  , 

𝑐𝑙(𝑎4) =  𝑎𝑖 ;     𝑖 ∈  4,8  , 

𝑐𝑙(𝑎6) =  𝑎6 , 

𝑐𝑙(𝑏) =  𝑎𝑗𝑏; 0 ≤ 𝑗 ≤ 11 . 
So total number of fusion classes are 7. 

 

Fusion classes of 𝒁𝟔 ⋊ 𝒁𝟒: 

 

𝑍6 ⋊ 𝑍4 ≅< 𝑥, 𝑦: 𝑥4 = 𝑦6 = 1, 𝑦𝑥𝑦 = 𝑥 > 
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Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖𝑦𝑗 ;       𝑖 ∈  1,3 , 0 ≤ 𝑗 ≤ 5 , 

𝑐𝑙(𝑦) =  𝑥𝑘𝑦𝑙 ;       𝑘 ∈  0,2 , 𝑙 ∈  1,5  , 

𝑐𝑙(𝑥2) =  𝑥2 , 

𝑐𝑙(𝑦2) =  𝑦 𝑗 ;     𝑗 ∈  2,4  , 

𝑐𝑙(𝑦3) =  𝑥𝑖𝑦3;     𝑖 ∈  0,2  , 

𝑐𝑙(𝑥2𝑦2) =  𝑥2𝑦𝑗 ;     𝑗 ∈  2,4  . 

So total number of fusion classes are 7. 

 

Fusion classes of 𝒁𝟑 ⋊ 𝒁𝟖: 

 

𝑍3 ⋊ 𝑍8 ≅< 𝑥, 𝑦: 𝑥3 = 𝑦8 = 1, 𝑦𝑥𝑦−1 = 𝑥−1 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥𝑖 ; 1 ≤ 𝑖 ≤ 2 , 

𝑐𝑙(𝑦) =  𝑥𝑘𝑦𝑙 ; 0 ≤ 𝑘 ≤ 2,  2, 𝑙 = 1,1 ≤ 𝑙 ≤ 8 , 

𝑐𝑙(𝑦2) =  𝑦 𝑗 ;     𝑗 ∈  2,6  , 

𝑐𝑙(𝑦4) =  𝑦4 , 

𝑐𝑙(𝑥𝑦2) =  𝑥𝑖𝑦𝑗 ; 1 ≤ 𝑖 ≤ 2, 𝑗 ∈  2,6  , 

𝑐𝑙(𝑥𝑦4) =  𝑥𝑖𝑦4; 1 ≤ 𝑖 ≤ 2 . 
So total number of fusion classes are 7. 

 

Fusion classes of𝒁𝟑 ⋊ 𝑸: 

 

𝑍3 ⋊ 𝑄 ≅< 𝑥, 𝑦, 𝑧: 𝑥2 = 𝑦6 = 𝑧2 = 1, 𝑥𝑦 = 𝑦𝑥, 𝑥𝑧 = 𝑧𝑥, (𝑧𝑦)2 = 1 > 
Fusion classes are: 

𝑐𝑙(1) =  1 , 

𝑐𝑙(𝑥) =  𝑥 , 

𝑐𝑙(𝑦) =  𝑥𝑙𝑦𝑚 ; 0 ≤ 𝑙 ≤ 1, 𝑚 ∈  1,5  , 

𝑐𝑙(𝑧) = {𝑥𝑖𝑦𝑗 𝑧; 0 ≤ 𝑖 ≤ 1,0 ≤ 𝑗 ≤ 5}, 

𝑐𝑙(𝑦2) = {𝑦 𝑗 ;     𝑗 ∈ {2,4}}, 

𝑐𝑙(𝑦3) = {𝑥𝑖𝑦3; 0 ≤ 𝑖 ≤ 1}, 

𝑐𝑙(𝑥𝑦2) =  𝑥𝑦𝑗 ;     𝑗 ∈  2,4  . 

Thus, there are 7 fusion classes. 

 

CONCLUSION 

 

Sr. 

No.  

 Group   order  |𝐴𝑢𝑡(𝐺)|  Number of fusion 

classes  

    𝑘(𝐺) 

 𝐷3  6   6   3  

 𝐷4  8   8   4  

 𝑄3  8   24   3  

 𝐷5  10   20   3  

 𝑍3 ⋊ 𝑍4  12   12   5 

 𝐴4  12   24   3  

 𝐷6  12   12   5  

 𝐷7  14   42   3  

 𝐷8  16   32   5  

 𝐺  16   16   6  

 𝑄16   16   32   5  

 𝐷4 × 𝑍2  16   64   5  
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Theorem  The bounds of fusion classes of metabelian groups of order less than equal to 24 and given by 3 ≤ 𝑘(𝐺) ≤
8.  

 

Proof. Obvious from the observation obtained earlier.  
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 𝑄3 × 𝑍2  16   96   4  

 𝑀𝑜𝑑𝑢𝑙𝑎𝑟 − 16  16   16   6  

 𝐵  16   32   6  

 𝐾  16   48   5  

 𝐺4,4  16   32   5  

 𝐷9  18   54   4  

 𝑆3 × 𝑍3  18   12   6  

 (𝑍3 × 𝑍3) ⋊ 𝑍2  18   432   3  

 𝐷10   20   40   5  

 𝐹𝑟20   20   20   5  

 𝑍5 ⋊ 𝑍4  20   40   5  

 𝐹𝑟21   21   42   4  

 𝐷11   22   110   3  

 𝑆3 × 𝑍4  24   24   8  

 𝑆3 × 𝑍2 × 𝑍2  24   144   5  

 𝐷4 × 𝑍3  24   48   6  

 𝑄 × 𝑍3  24   48   6  

 𝐴4 × 𝑍2  24   24   6  

 𝑄12   24    

 𝐷12   24   48   7  

 𝑍6 ⋊ 𝑍4  24   48   7  

 𝑍3 ⋊ 𝑍8  24   24   7  

 𝑍3 ⋊ 𝑄  24   48   7  


