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ABSTRACT

In this paper, G be the non-abelian metabelian group and Aut(G) denotes the automorphism group of group
G. A group is metabelian group if its commutator group is abelian or if it has an abelian normal subgroupin
which the factor group is also abelian.There are 35 non-Abelian metabelian groups of order less than or
equal to 24. In this study, we investigate the automorphism groups of all non-abelian metabelian groups of
order less than or equal to 24 andthe verification has beenmade through GAP(Groups Algorithm
Programming) software.
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INTRODUCTION

Let G be a finite metabelian group, Z,, denotes the cyclic group of order n, S,, denotes the permutation group of
degree n, D,, denotes the dihedral group of order 2n, Q,, denotes quatornion group. A group G is said to be
metabelian if G', the derived subgroup of G is abelian. Much has been investigated about the properties of
metabelian groups in the literature. In paper [3], structure of metabelian groups of order upto 24 has been
described. In paper [4], the authors studied about the conjugacy classes of metabelian groups of order less than
24.In paper [1], [2], automorphisms of some non-abelian groups of order p*are computed. In the present paper, we
shall find the automorphisms of metabelian groups of order less than equal to 24.

In [3], Rehman Abdul described the metabelian groups of order less than or equal to 24.
(1)D; = S; =<a,b;a®=b*=1,bab=a"!>.
(2D, =< a,b;a*=b*>=1,bab=a! >
(3)Q; =< a,b:a*=1,b>=a%,aba=0>b >.
(4)Ds =< a,b:a®> =b*>=1,bab=a"!>.
(5)Z3 % Z, =< a,b:a® =b*=1,b"'ab =a® >.

(6)A, =< a,b,c:a’> =b*=c>*=1,ba=ab,ca=abc,ch=ac>.
ND, =< a,b:a®=b =1,bab=a"?l>
E8§D:E<a,b:a7=b2=1,bab=a_1>.

(9)Dg =< a,b:a® =b?>=1,bab=a'!>.
(10)G =< a,b:a® =b*=1,bab =ad >.
(11)Qy¢ =< a,b:a® =1, a*=b% aba=b>.

(12)D, x Z, =< a,b,c:a* =b>=c*=1,ac=ca,bc=cbhbab=a"! >,
(13)Q; X Z, =< a,b,c:a* =b* =c?> =1,b  =a’,ba=a’b,ac=ca,bc=ch >.
(14)Modular —16 = G =< a,b:a® =b?>=1,ab = b a® >.

(15)B =< a,b:a* =b*=1,ab =b a® >.

(16)K =< a,b,c:a* =b*=c*=1,ab=ba,ac=ca,ch=a’*bc>.
(17)Gy4 =< a,b:a* =b*=(ab)*=1,ab’=ba® >
(18)Dy =< a,b:a’ =b*>=1,bab=a"! >.

(19)S; X Z3 =< a,b,c:a® =b>=c3 =1,ba=a'hac=ca,bc=ch >.
(20)(Z3 X Z3) x Z, =< a,b,c:a’> =b>*=c>=1,bc=ch,bab=a,cac=a >.
21Dy =< a,b:a’® =b®>=1,bab=a"! >.

(22)Fryy = Zs % Z, =< a,b:a* =b° =1,ba = a b? >.

(23)Zs 2 Z, =< a,b:a*=b°>=1,bab=a >.
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(24)Fry, = Z,xZ3; =< a,b:a®> =b’ =1,ba = a b? >.
(25)Dy; =< a,b:a' =b?>=1,bab=a"! >.
(26)S3 X Z, =< a,b,c:a® =b?>=c*=1,a> =al,ac=ca,bc=ch >.
(27)S3 X Z, X Z, =< a,b,c,d:a® =b* =c>=d*=1,a® =al,ac=ca,ad=dabc=ch,bd=db,cd
=dc>.
(28)D, x Z3 =< a,b,c:a® =b*=c?>=1,b° =b L, ab=ba,ac=ca >.
(29)Q x Z; =< a,b,c:a* =c* =1,a*> = b*,a® =a,bc=ch,ac=ca>.
(30)A4 X Z, =< a,b,c,d:a’> =b>=c3>=d*=1,ab=baca=abc,ad=da,ac=chbd=db,cd
=dc>.
(B1DQ, =<a,b:a'> =1,a® =b% b 'ab=a"! >.
(32)Dy, =< a,b:a?> =b*>*=1,bab=a"!>.
(33)ZgxZy =< a,b:a*=b°=1,bab=a >
(34)Z3xZg =< a,b:a®=b =1,bab 't =a! >
(35)Z3 x Q =< a,b,c:a’ = b® =c?> = 1,ab = ba, ac = ca, (ch)? =1 >.

Automorphisms of all non-abelian metabelian groups of order less than equal to 24
Automorphisms of groups of order 6

Automorphisms of D3:

D; =S;=<a,b;a®=b*>=1,bab=a"! >
Any automorphism 1 € Aut(D5) sends the generators of D5 as
a-a;(,3) =1,
b-ab1<i<3.
Thus,
|Aut(D3)| = 6.

Automorphisms of Q5:
Automorphisms of groups of order 8
Automorphisms of D,:

D,=<ab;a*=b?>=1,bab=a"' >
Any automorphism i € Aut(D,) sends the generators of D, as
a-a;(,2)=11<i<4,
b->db;1<i<4
Hence
|Aut(Dy)| = 8.

Q; =<a,b:a*=1,b*> =a%,aba=b >

Any automorphism 1 € Aut(Q;) sends the generators of Q5 as

a-ab/; i€{0,13}, je{0,13}, i+j#0,

b-a'b/; i€{0,13}, j€{0,13}, i+j=#0.
Therefore,

|[Aut(Q3)| = 24.

Automorphisms of groups of order 10
Automorphisms of Dg:

Ds =<a,b:a° =b*=1,bab=a"! >
Any automorphism i € Aut(Ds) sends the generators of Ds as
a - a’;(i,5) =1,
b-ab;1<j<5.
Thus,
|Aut(Ds)| = 20.

Automorphisms of groups of order 12
Automorphisms of Z3 X Z,:

Page | 124



International Journal of Enhanced Research in Science, Technology & Engineering
ISSN: 2319-7463, Vol. 12 Issue 2, February-2023, Impact Factor: 7.957

Z3xZ, =<a,b:a®=b*=1,b"tab =a? >
Any automorphism ¢ € Aut(Z3; % Z,) sends the generators of Z; x Z, as
a—-a;1<i<3,
b-ab/;2+j,0<i<21<j<3.
Thus,
|Aut(Z3 » Z,)| = 12.

Automorphisms of Ay:

Ay =< a,b,c:a’ = b?> =c® = 1,ba = ab,ca = abc,ch = ac >
Any automorphism i € Aut(A,) sends the generators of 4, as
a-ab;0<i,j<1, i+j#0,
b-abl;0<ij<1, i+j+#0,
c->adbch0<ij<1, kef{1,2).
So
|[Aut(A,)| = 24.

Automorphisms of Dg:

D¢ =<a,b:a® =b*=1,bab=a"'! >
Any automorphism 1 € Aut(Dg) sends the generators as
a-a; ie{15}
b-ab;0<i<5.
So
|[Aut(Dg)| = 12.

Automorphisms of groups of order 14
Automorphisms of D:

D, =<a,b:a’ =b?>=1,bab=a"' >
Any automorphism i € Aut(D;) sends the generators of D, as
a—-a;1<i<e6,
b->ab0<j<é6.
So
|Aut(D;)| = 42.

Automorphisms of groups of order 16
Automorphisms of Dg:

Any automorphism i € Aut(Dg) sends the generators of Dg as
a-a;(i,2)=11<i<8,
b->db0<i<7.
So
|Aut(Dg)| = 32.

Automorphisms of G:

G =<ab:a®=b%=1bab=a*>
Any automorphism iy € Aut(G) sends the generators of G as
a-a;2,i)=11<i<8,
b-a'b;2/i,0<i<8.
Thus,
|Aut(G)| = 16.

Automorphisms of Q44:

Qi =<a,b:a® =1,a* =b?> aba=b>
Any automorphism i € Aut(Q4) sends the generators of Q¢ as
a-a;2,i)=11<i<8,
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b-ab;0<i<3, je{13}
Thus,
|Aut(Q16)| = 32.

Automorphisms of D, X Z,:

Dy X Z, =< a,b,c:a* = b? = c?> =1,ac = ca,bc = ch,bab = a™' >
Any automorphism y € Aut(D, X Z,) sends the generators of D, x Z, as
a—-ad; i€{13}, je{o1},
b-a*bc;0<k <3, 1€{0,1},
c—-amc; me{02}
Hence
|Aut(D, X Z,)| = 64.

Automorphisms of Q3 X Z,:

Q3 X Z, =< a,b,c:a* = b* = c?> =1,b*> = a%,ba = a®b,ac = ca,bc = cb >
Any automorphism € Aut(Q; X Z,) sends the generators of Q; X Z, as
a-abick; i,jef013}, ke{01}, i+j+#0,
b - a'b™c"; ILme{0,13}, ne{01}, i+j#0,
c-alc; qe€{02}
So
|[Aut(Q3 X Z,)| = 96.

Automorphisms of Modular — 16:

Modular — 16 = G =< a,b:a® = b* = 1,ab = ba® >
Any automorphism 1 € Aut(G) sends the generators of G as
a-ab/;2+4i,1<i<8, je{0,1},
b-a"b;, re€{04}
So
|Aut(G)| = 16.

Automorphisms of B:

B=<ab:a*=b*=1,ab = ba® >
Any automorphism i € Aut(B) sends the generators of B as
a-abl/; i€{1,3}, je{0,2},
b-ab™0<1<3 me{13}.
Thus,
|Aut(B)| = 32.

Automorphisms of K:

K =<a,b,c:a* =b%>=c?=1,ab = ba,ac = ca,ch = a’bc >
Any automorphism i € Aut(K) sends the generators of K as
a—-a; ie{1,3},
b — b,c,a’b,a’c, abc,abc,
¢ - b,c,a®b,a®c,abc, a’bc.
So
|Aut(K)| = 48.

Automorphisms of G4 4:

Gyq =< a,b:a* = b* = (ab)? = 1,ab® = ba® >
Any automorphism € Aut(G, 4) sends the generators of G, 4 as
a - a,a b, b3 ab? a%b,a’b?, a’b?,
b - a,a’ b, b3 ab? a%b,a’b?, a’b?.
Thus,
|Aut(Gy4)| = 32.
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Automorphisms of groups of order 18
Automorphisms of Dg

Dy =< a,b:a’ =b*>=1,bab=a"! >
Any automorphism y € Aut(Dy) sends the generators as
a-a;34i,1<i<8,
b-ab;0<j<8,
So
|Aut(Dgy)| = 54.

Automorphisms of §3 X Z3:

Sy X Z3 =< a,b,c:a® =b*>=c®=1,ba=a'h,ac = ca,bc = ch >
Any automorphism i € Aut(S; X Z3) sends the generators of S; X Z3 as
a-a;1<i<2,
b-ab0<j<2,
co>ch1<k<2.
So
|Aut(S; X Z3)| = 12.

Automorphisms of (Z3 X Z3) X Z,:

(Z3 X Z3) % Z, =< a,b,c:a? = b® =3 =1,bc = ch,bab = a,cac = a >
Any automorphism € Aut((Z3 X Z3) % Z,) sends the generators of (Z3 X Z3) < Z, as
a-ab'ic;0<i,j<2,
b-bkcb,0<k1<2 k+1+#0,
c->b"c0<mn<2 m+n=%0.
So
|[Aut((Z3 X Z3) % Z,)| = 432.

Automorphisms of groups of order 20
Automorphisms of D4q:

Dy =<a,b:a'® =b?=1,bab=a! >
Any automorphism i € Aut(D;4) sends the generators as
a—-a:2+4i,54i,1<i<10,
b-ab;1<j<10.
So
|Aut(Dyy)| = 40.

Automorphisms of Fr,,:

Fryy = Zs ¥ Z, =< a,b:a* = b® = 1,ba = ab? >
Any automorphism i € Aut(Fry,) sends the generators of Fr,, as
a—-abi;0<i<4,
b-b;1<j<4
Thus,
|[Aut(Fry)| = 20.

Automorphisms of Zg < Z,:

Zs % Zy, =<a,b:a* = b> =1,bab = a >
Any automorphism y € Aut(Zs; % Z,) sends the generators of Z; x Z, as
a-abl; i€{1,3}0<j<4,
b-bk1<k<4
Thus,

Automorphisms of groups of order 21
Page | 127



International Journal of Enhanced Research in Science, Technology & Engineering
ISSN: 2319-7463, Vol. 12 Issue 2, February-2023, Impact Factor: 7.957

Automorphisms of Fryq:

Fry, = Z; ) Z3 =< a,b:a®> = b’ = 1,ba = ab? >
Any automorphism y € Aut(Fr,;) sends the generators of Fr,; as
a—-ab;0<i<6,
b-b;1<j<6.
Thus,
|[Aut(Fryp)| = 42.

Automorphisms of groups of order 22
Automorphisms of D4;:

D;; =<a,b:a'* =b?>=1,bab=a! >
Any automorphism € Aut(D;1) sends the generators of D;; as
a-a;1<i<10,
b - ab;0 <j < 10.
So
|Aut(Dy;,)| = 110.

Automorphisms of groups of order 24
Automorphisms of S3 X Z,:

SaxXZyz=<xyzx3=y*=z'=1,x =x"Lxz=zx,yz=2zy >
Any automorphism i € Aut(S; X Z,) sends the generators of S; X Z, as
x->x51<i<?2,
y-xiyzb,0<j<2, k €{0,2},
z—-z 1e{1,3}
So
|Aut(S3 X Z)| = 24.

Automorphisms of §3 X Z, X Z,:
Sy X Zy X Zy =< x,y,z,w:x3 =y2 =z =w? = 1,xY = x71,xz = zx,Xxw = wx,yz = zy,yw = Wy, zZw = wz
>
Any automorphism i € Aut(S; X Z, X Z,) sends the generators of S; X Z, X Z, as
x->xh1<i<2,
y->xyzZkwh0<j<20<k1<1,
z->zZ"w’0<uv<1, u+v=+0.
So

Automorphisms of D, X Z3:

Dy XZy=<xyzxl=yt=z"=1y =y Lxy=yx,xz=zx >
Any automorphism i € Aut(D, X Z3) sends the generators of D, X Z; as
x-xh1<i<?2,
y-y5  je{13},
Z—>ykZ;OSkS3.
So
|Aut(D, X Z3)| = 16.

Automorphisms of Q@ X Z3:

QxZy=<xyzxt=z22=1,x>=y%,xY =x"Y,yz =zy,xz = zx >
Any automorphism i € Aut(Q % Z3) sends the generators of Q x Z; as
x—-xy;0<i<30<j<1,
y-xlym0<1<30<m<1,
zoz1<k<2.
So
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|[Aut(Q x Z3)| = 48.
Automorphisms of Ay X Z,:

Ay X Zy =< x,y,z,w: x> =y? =23 = w? = 1,xy = yx,zx = XYz, XW = WX, XZ = Zy,yW = WY, ZW = WZ >

Any automorphism y € Aut(A, X Z,) sends the generators of A, X Z, as

x-xy;0<i,j<1, i+j#0,

y->xkyho<k1<1,k+1+#0,
z->xlymzZn0<Im<11<n<2,
w o w.
So
|Aut (A, X Z,)| = 24

Automorphisms of Dq,:

D, =<a,b:a'> =b?>=1,bab=a! >
Any automorphism € Aut(D;,) sends the generators of D;, as
a-a;1<i<12,(i,12) =1,
b-ab;0<j<11.
So
|Aut(D;,)| = 48.

Automorphisms of Q45:

Q; =<a,b:a'? =1,a®=b% b lab=a"' >
Any automorphism € Aut(Q,,) sends the generators of Q,, as
a-a;1<i<12,(,12)=1
b-adb0<j<11
So
|Aut(Q12)| = 48.

Automorphisms of Zg X Z,:

ZeXNZ,=<x,y:x* =y =1 yxy=x>
Any automorphism € Aut(Z, > Z,) sends the generators of Z, > Z, as
x-xly/; 1€{13},0<j<5,
y - xkyl k€ {0,2}, 1e{1,5}.
So
|Aut(Zg % Z,)| = 48.

Automorphisms of Z3 X Zg:

ZyxZg=<x,y:x>=yS=1,yxy 1 =x"1>
Any automorphism y € Aut(Z3 % Zg) sends the generators of Z; x Zg as
x—>x51<i<2,
y-xkyho<k<202D=11<Il<8
So
|Aut(Zg % Z,)| = 24.

Automorphisms of Z; x Q:

Z3xQ =<x,yzx?=y"=2z=1xy=yx,xz=zx,(zy)’ =1 >
Any automorphism € Aut(Z; % Q) sends the generators of Z; x Q as
x - X,
y-xlymo0<i<1, mef{15}
z-xyz;,0<i<10<j<5.
So
|[Aut(Z; % Q)| = 48.
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